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TOEPLITZ OPERATORS ON BERGMAN SPACES INDUCED BY
DOUBLING WEIGHTS ON THE UNIT BALL OF Cn
JUNTAO DU AND SONGXIAO LI†
ABSTRACT. The boundedness and compactness of Toeplitz operator from A
p
ω to
A
q
ω with doubling weights ω are studied in this paper. The characterizations of
Schatten class Toeplitz operators and Volterra operators on A2ω are also investi-
gated.
Keywords: Weighted Bergman space, doubling weight, Toeplitz operator, Schat-
ten class.
1. INTRODUCTION
Let B be the open unit ball of Cn and S the boundary of B. When n = 1,
B is the open unit disk in the complex plane C and always denoted by D. Let
H(B) denote the space of all holomorphic functions on B. For any two points z =
(z1, z2, · · · , zn) and w = (w1,w2, · · · ,wn) in Cn, we define 〈z,w〉 = z1w1+ · · ·+znwn
and
|z| =
√
〈z, z〉 =
√
|z1|2 + · · · + |zn|2.
Let dσ and dV be the normalized Lebesgue surface and volume measures on S
and B, respectively. For 0 < p < ∞, the Hardy space Hp(B)(or Hp) is the space
consisting of all functions f ∈ H(B) such that
‖ f ‖Hp = sup
0<r<1
Mp(r, f ) < ∞,
where
Mp(r, f ) =
(∫
S
| f (rξ)|pdσ(ξ)
) 1
p
, when 0 < p < ∞.
H∞ is the space consisting of all f ∈ H(B) such that ‖ f ‖H∞ = supz∈B | f (z)| < ∞.
For any f ∈ H(B), letℜ f (z) be the radial derivative of f , that is,
ℜ f (z) =
n∑
k=1
zk
∂ f
∂zk
(z), z = (z1, z2, · · · , zn) ∈ B.
The Bloch space B(B) consists of all f ∈ H(B) such that
‖ f ‖B(B) = | f (0)| + sup
z∈B
(1 − |z|2)|ℜ f (z)| < ∞.
When n = 1, ‖ · ‖B(D) is a little different from the norm defined in classical way,
see [25] for example, but they are equivalent. We keep B as the abbreviation of
B(B).
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Suppose ω is a radial weight ( i.e., ω is a positive, measurable and integrable
function on [0, 1) and ω(z) = ω(|z|) for all z ∈ B). Let ωˆ(r) =
∫ 1
r
ω(t)dt. We say
that
• ω is a doubling weight, denoted by ω ∈ Dˆ, if there exists C > 0 such that
ωˆ(r) < Cωˆ(
1 + r
2
), when 0 ≤ r < 1;
• ω is a regular weight, denoted by ω ∈ R, if there existsC > 0 and δ ∈ (0, 1)
such that
1
C
<
ωˆ(r)
(1 − r)ω(r) < C, when r ∈ (δ, 1);
• ω is a rapidly increasing weight, denoted by ω ∈ I, if
lim
r→1
ωˆ(r)
(1 − r)ω(r) = ∞;
• ω is a reverse doubling weight, denoted by ω ∈ Dˇ, if there exist K > 1 and
C = C(ω) > 1 such that
ωˆ(r) ≥ Cωˆ(1 − 1 − r
K
), r ∈ (0, 1). (1)
The regular weight is a natural extension of the classical weight (1 − r2)α(α >
−1). The rapidly increasing weight was introduced by Pela´ez and Ra¨ttya¨ in [15].
The doubling weight, which was introduced in [14], is the extension of the regular
weight and the rapidly increasing weight. See [14, 15] for more details about I,R
and Dˆ. Let D = Dˆ ∩ Dˇ. It is easy to check that R ⊂ D. If ω ∈ D, let Kω be
the infimum of the K such that (1) holds. By Lemma 1.1 in [15], Kω = 1 if ω is
continuous and regular. More information about Dˇ andD can be seen in [8, 19].
Suppose µ is a positive Borel measure on B and 0 < p < ∞. The Lebesgue
space Lp(B, dµ) (or L
p
µ, for brief) consists of all measurable complex functions f
on B such that | f |p is integrable with respect to µ, that is, f ∈ Lp(B, dµ) if and only
if
‖ f ‖Lp(B,dµ) =
(∫
B
| f (z)|pdµ(z)
) 1
p
< ∞.
L∞(B, dµ) (or L∞µ ) consists of all measurable complex functions f on B such that
f is essential bounded, that is, f ∈ L∞(B, dµ) if and only if
‖ f ‖L∞(B,dµ) = inf
E⊂B,µ(E)=0
sup
z∈B\E
| f (z)| < ∞.
More details about Lp(B, dµ) can be seen in [22, 27]. If ω ∈ Dˆ, letting dµ(z) =
ω(z)dV(z), µ is a Borel measure onB. Then, we will write Lp(B, dµ) as Lp(B, ωdV)
or L
p
ω. When n = 1 and z ∈ D, dV(z) is the normalized Lebesgue area measure on
D, i.e., dV(z) = 1
pi
dA(z). Then we can define the corresponding Lebesgue spaces
on the unit disk in the same way.
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In [15], J. Pela´ez and J. Ra¨ttya¨ introduced a new class function spaces A
p
ω(D),
the weighted Bergman spaces induced by rapidly increasing weights ω in D. That
is
Apω(D) = L
p(D, ωdA) ∩ H(D), 0 < p < ∞.
See [14–18,20,21] for more results on A
p
ω(D) with ω ∈ Dˆ. In [2], we extended the
Bergman space A
p
ω(D) with ω ∈ Dˆ to the unit ball B of Cn. That is
Apω(B) = L
p(B, ωdV) ∩ H(B), 0 < p < ∞.
For brief, let A
p
ω = A
p
ω(B). As a subspace of L
p(B, ωdV), the norm on A
p
ω will be
written as ‖ · ‖Apω. It is easy to check that Apω is a Banach space when p ≥ 1 and a
complete metric space with the distance ρ( f , g) = ‖ f − g‖p
A
p
ω
when 0 < p < 1.
When α > −1 and cα = Γ(n+α+1)Γ(n+1)Γ(α+1) , if ω(z) = cα(1− |z|2)α, the space Apω becomes
the classical weighted Bergman space A
p
α, and we write dVα(z) = cα(1−|z|2)αdV(z).
When α = 0, A
p
0 = A
p is the standard Bergman space. See [22, 27] for the theory
of Hp and A
p
α.
Let ωs =
∫ 1
0
rsω(r)dr and
Bωz (w) =
1
2n!
∞∑
k=0
(n − 1 + k)!
k!ω2n+2k−1
〈w, z〉k.
In [3], we proved that, for any f ∈ L1(B, ωdV),
f (z) = 〈 f , Bωz 〉A2ω =
∫
B
f (w)Bωz (w)ω(w)dV(w).
So, Bωz is called the reproducing kernel of A
2
ω. More results about B
ω
z can be seen
in [3].
Assume that µ is a positive Borel measure on B. The Toeplitz operator associ-
ated with µ is defined by
Tµ f (z) =
∫
B
f (ξ)Bωz (ξ)dµ(ξ),
and the Berezin transform of Tµ is defined by
T˜µ(z) =
〈TµBωz , Bωz 〉A2ω
‖Bωz ‖2A2ω
.
Generally, the Berezin transform of a linear operator T : A
p
ω → Aqω is
T˜ (z) =
〈TBωz , Bωz 〉A2ω
‖Bωz ‖2A2ω
.
Since 1970s, there are a lot of works focused on Toeplitz operators, see [1, 11,
24]. On the unit disk, in [15, 17], Pela´ez and Ra¨ttya¨ completely characterized the
Schatten class Toeplitz on A2ω with ω ∈ Dˆ. In [21], the authors investigate the
boundedness and compactness of Tµ : Apω → Aqω with ω ∈ R. On the unit ball,
Zhu studied the Schatten class Toeplitz operators on A2α in [26]. Paul and Zhao
described the boundedness and compactness of Tµ : Apα → Aqβ in [13].
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Motivated by [15, 21], we study the Toeplitz operator on Bergman spaces in-
duced by doubling weights in the unit ball of Cn. The paper is organized as fol-
lows. In section 2, we give some lemmas which will be used later. In section 3, we
study the boundedness and compactness of Tµ : Apω → Aqω with ω ∈ D. In section
4, we introduce a new kind of Dirichlet spaces induced by doubling weights and
investigate the Schatten class Toeplitz operators on these Dirichlet spaces. As an
application, we get two characterizations of Schatten class Toeplitz operators on
A2ω. In section 5, using the characterizations of Schatten class Toeplitz operators
on A2ω, we describe the Schatten class Volterra integral operator Tg on A
2
ω.
Throughout this paper, the letter C will denote constants and may differ from
one occurrence to the other. The notation A . B means that there is a positive
constant C such that A ≤ CB. The notation A ≈ B means A . B and B . A.
2. PRELIMINARY RESULTS
In this section, we introduce some notations and some results obtained in [2,3].
For any ξ, τ ∈ B, let d(ξ, τ) = |1−〈ξ, τ〉| 12 . Then d(·, ·) is a nonisotropic metric. For
r > 0 and ξ ∈ S, let
Q(ξ, r) = {η ∈ S : d(ξ, η) ≤ r}.
Q(ξ, r) is a nonisotropic metric ball in S for all ξ ∈ S and r ∈ (0, 1). More infor-
mation about d(·, ·) and Q(ξ, r) can be found in [22, 27].
For any a ∈ B\{0}, let Qa = Q(a/|a|,
√
1 − |a|) and
S a = S (Qa) =
{
z ∈ B : z|z| ∈ Qa, |a| < |z| < 1
}
.
For convenience, if a = 0, let Qa = S and S a = B. We call S a the Carleson block.
As usual, for a measurable set E ⊂ B, ω(E) =
∫
E
ω(z)dV(z).
For any radial weight ω, its associated weight ω∗ is defined by
ω∗(z) =
∫ 1
|z|
ω(s) log
s
|z| sds, z ∈ D\{0}.
Now we state some lemmas which will be used in this paper.
Lemma 1. Suppose ω is a radial weight.
(i) The following statements are equivalent.
(a) ω ∈ Dˆ;
(b) ω∗(r) ≈ (1 − r)
∫ 1
r
ω(t)dt as r → 1;
(c) for all x ≥ 1,
∫ 1
0
sxω(s)ds ≈ ωˆ(1 − 1
x
);
(d) there is a constant b > 0 such that ωˆ(t)
(1−t)b is essentially increasing.
(ii) ω ∈ Dˇ if and only if there is a constant a > 0 such that ωˆ(t)
(1−t)a is essentially
decreasing.
(iii) If ω is continuous, then ω ∈ R if and only if there are −1 < a < b < +∞ and
δ ∈ [0, 1), such that
ω(t)
(1 − t)b ր ∞, and
ω(t)
(1 − t)a ց 0, when δ ≤ t < 1. (2)
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Proof. By Lemmas A and B in [21], (i) and (ii) holds. By observation (v) of
Lemma 1.1 in [15], (iii) holds. 
Lemma 2. Assume that ω ∈ Dˆ. Then the following statements hold.
(i) For any α > −2, (1 − t)αω∗(t) ∈ R;
(ii) ω(S a) ≈ (1 − |a|)n
∫ 1
|a| ω(r)dr;
(iii) ωˆ(z) ≈ ωˆ(a), if 1 − |z| ≈ 1 − |a|.
Proof. By Lemma 1.7 in [15], (i) holds. By Lemma 2 in [2], (ii) holds. Using
Lemma 1, it is easy to check that (iii) holds. 
The following two lemmas are Lemmas 3 and 4 in [3], respectively.
Lemma 3. Suppose ω ∈ Dˆ. Then,
‖Bωz ‖B ≈
1
ω(S z)
≈ ‖Bωz ‖H∞ , z ∈ B.
Lemma 4. Let 0 < p < ∞ and ω ∈ Dˆ. Then the following assertions hold.
(i) When |rz| > 1
4
, then
Mpp(r, B
ω
z ) ≈
∫ r|z|
0
1
ωˆ(t)p(1 − t)np−n+1dt,
and
Mpp(r,ℜBωz ) ≈
∫ r|z|
0
1
ωˆ(t)p(1 − t)(n+1)p−n+1 dt.
(ii) If υ ∈ Dˆ, when |z| > 6
7
, then
‖Bωz ‖pApυ ≈
∫ |z|
0
υˆ(t)
ωˆ(t)p(1 − t)np−n+1dt,
and
‖ℜBωz ‖pApυ ≈
∫ |z|
0
υˆ(t)
ωˆ(t)p(1 − t)(n+1)p−n+1 dt.
To study the compactness of a linear operator, we need the following lemma
which can be obtained in a standard way.
Lemma 5. Suppose that 0 < p, q < ∞, ω ∈ Dˆ and µ is a positive Borel measure
on B. If T : A
p
ω → Lqµ is linear and bounded, then T is compact if and only if
whenever { fk} is bounded in Apω and fk → 0 uniformly on compact subsets of B,
lim
k→∞
‖T fk‖Lqµ = 0.
For a Banach space or a complete metric space X and a positive Borel measure
µ on B, µ is a q−Carleson measure (vanish q−Carleson measure) for X means that
the identity operator Id : X → Lqµ is bounded (compact). When 0 < p ≤ q < ∞ and
ω ∈ Dˆ, the characterizations of q−Carleson measure for Apω was obtained in [2].
Theorem A. Let 0 < p ≤ q < ∞, ω ∈ Dˆ and µ be a positive Borel measure on D.
Then the following statements hold:
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(i) µ is a q-Carleson measure for A
p
ω if and only if
sup
a∈B
µ(S a)
(ω(S a))
q
p
< ∞. (3)
Moreover, if µ is a q-Carleson measure for A
p
ω, then
‖Id‖q
A
p
ω→Lqµ
≈ sup
a∈B
µ(S a)
(ω(S a))
q
p
.
(ii) µ is a vanish q-Carleson measure for A
p
ω if and only if
lim
|a|→1
µ(S a)
(ω(S a))
q
p
= 0.
Recall that, for any f ∈ L1ω, the Bergman projection Pω is defined by
Pω f (z) =
∫
B
f (ξ)Bωz (ξ)ω(ξ)dV(ξ),
and the maximal Bergman projection P+ω is defined by
P+ω( f )(z) =
∫
B
f (ξ)
∣∣∣Bωz (ξ)∣∣∣ω(ξ)dV(ξ).
The following Theorems B and C are main results in [3].
Theorem B. When ω ∈ D, Pω : L∞ → B is bounded and onto.
Theorem C. Suppose 1 < p < ∞ and ω, υ ∈ D. Let q = p
p−1 . Then the following
statements are equivalent:
(i) P+ω : L
p
υ → Lpυ is bounded;
(ii) Pω : L
p
υ → Lpυ is bounded;
(iii) M = sup
0≤r<1
υˆ(r)
1
p
ωˆ(r)
(∫ 1
r
ω(s)q
υ(s)q−1 s
2n−1ds
) 1
q
< ∞;
(iv) N = sup
0≤r<1
(∫ r
0
υ(s)
ωˆ(s)p
s2n−1ds + 1
) 1
p
(∫ 1
r
ω(s)q
υ(s)q−1 s
2n−1ds
) 1
q
< ∞.
Let Pz be the orthogonal projection of C
n onto the one dimensional subspace
[z] = {λz : λ ∈ C} generated by z, and P⊥z be the orthogonal projection from Cn
onto Cn ⊖ [z]. Thus P0(w) = 0, P⊥0 (w) = w and
Pz(w) =
〈w, z〉
|z|2 z, P
⊥
z (w) = w −
〈w, z〉
|z|2 z, when z , 0.
For z,w ∈ B, the pseudo-hyperbolic distance between z and w is defined by
ρ(z,w) =
∣∣∣∣∣∣∣z − Pz(w) −
√
1 − |z|2P⊥z (w)
1 − 〈w, z〉
∣∣∣∣∣∣∣ .
The pseudo-hyperbolic ball at z ∈ B with radius r ∈ (0, 1) is given by
∆(z, r) = {w ∈ B : ρ(z,w) < r}.
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Let β(·, ·) be the Bergman metric, that is
β(z,w) =
1
2
log
1 + ρ(z,w)
1 − ρ(z,w) .
D(z, r) means a Bergman metric ball at z with radius r > 0. As we know, every
Bergman metric ball is a pseudo-hyperbolic ball, and for all a ∈ B and z ∈ D(a, r),
we have 1 − |z| ≈ 1 − |a|.
The pseudo-hyperbolic balls and Bergman metric balls play very important roles
in the theory of operators on the A
p
α. But when ω ∈ Dˆ, the roles of pseudo-
hyperbolic balls and Bergman metric balls are substituted by Carleson block in the
unit ball. If ω ∈ D, we compare ω(∆(a, r)) with ω(S a) as follows.
Proposition 1. Let 0 < r < 1 and ω ∈ D such that 1
Kω
+
2r
1+r2
> 1. Then, for all
z ∈ B and w ∈ ∆(z, r),
ω(∆(z, r)) ≈ ω(∆(w, r)) ≈ ω(S z) ≈ ω(S w). (4)
Moreover, if ω ∈ R, for any fixed r ∈ (0, 1), (4) holds.
Proof. For any z , 0, ∆(z, r) is an ellipsoid consisting of all w ∈ B such that
|Pz(w) − c|2
r2t2
+
|P⊥z (w)|2
r2t
< 1,
where
c =
(1 − r2)z
1 − r2|z|2 , t =
1 − |z|2
1 − r2|z|2 .
As |z| → 1, we have |c| → 1 and t → 0. Without loss of generality, we can assume
z = (|z|, 0, 0, · · · , 0). Then w = (w1,w2, · · · ,wn) ∈ ∆(z, r) if and only if
|w1 − |c||2
r2t2
+
|w|2 − |w1|2
r2t
< 1.
Let δ, k ∈ (0, 1) and
Ez =
{
w ∈ B : |c| < |w| < |c| + δrt, and
∣∣∣∣∣1 − 〈 w|w| , c|c| 〉
∣∣∣∣∣ < k(1 − |c|)}
=
{
w ∈ B : |c| < |w| < |c| + δrt, and ||w| − w1| < k|w|(1 − |c|)
}
.
After a calculation, for all w ∈ Ez, there is a C = C(r) > 0 such that
|w1 − |c||2
r2t2
+
|w|2 − |w1|2
r2t
≤ (|w1 − |w| + |w| − |c||)
2
r2t2
+
2(|w| − |w1|)
r2t
≤ δ2 +Ck.
Let δ, k ∈ (0, 1) such that
1
Kω
+
2rδ
1 + r2
> 1 and δ2 + Ck < 1.
Then we have Ez ⊂ ∆(z, r). Moreover, we can get a K > Kω such that
δr(1 + |z|)
1 + r2|z| > 1 −
1
K
, as |z| → 1.
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Then ∫ |c|+δrt
|c|
ω(s)ds =
∫ |c|+ δr(1+|z|)
1+r2 |z| (1−|c|)
|c|
ω(s)ds ≥
∫ |c|+(1− 1
K
)(1−|c|)
|c|
ω(s)ds
=
∫ 1− 1−|c|K
|c|
ω(s)ds & ωˆ(|c|) ≈ ωˆ(|z|).
Hence
ω(∆(z, r)) ≥ ω(Ez) ≈ (1 − |c|)n
∫ |c|+δrt
|c|
ω(s)ds & ω(S z).
By the proof of Lemma 8 in [2], we have ω(∆(z, r)) . ω(S z) as |z| → 1. For any
fixed τ ∈ (0, 1), when |z| ≤ τ, it is obvious that ω(∆(z, r)) ≈ 1 ≈ ω(S z). By Lemma
2, (4) holds.
If ω ∈ R, using Kω = 1, (4) holds for any fixed r ∈ (0, 1). The proof is
complete. 
3. BOUNDEDNESS AND COMPACTNESS OF Tµ : Apω → Aqω WITH ω ∈ D
In this section, we will discuss the boundedness and compactness of Tµ : Apω →
A
q
ω with ω ∈ D.
For a f ∈ H(B), the Taylor series of f at origin, which converges absolutely and
uniformly on each compact subset of B, is
f (z) =
∑
m
fˆmz
m, z ∈ B.
Here the summation is over all multi-index m = (m1,m2, · · · ,mn), where each
mk(k = 1, 2, · · · , n) is a nonnegative integer and zm = zm11 zm22 · · · zmnn . Let
|m| = m1 + m2 + · · · + mn, m! = m1!m2! · · ·mn!.
Suppose ω ∈ Dˆ. The space A2ω is a Hilbert space with the inner product as
follows.
〈 f , g〉A2ω =
∫
B
f (z)g(z)ω(z)dV(z), for all f , g ∈ A2ω.
Lemma 6. Suppose ω ∈ Dˆ. Then there exist constants c = c(ω) > 0 and δ =
δ(ω) ∈ (0, 1) such that
|Bωa (z)| ≥
c
ω(S a)
, z ∈ S aδ , a ∈ B\{0},
where aδ = (1 − δ(1 − |a|)) a|a| .
Proof. By Lemma 4, when 1 < p < ∞, for all |z| > 6
7
, we have
‖Bωz ‖pApω .
1
ωˆ(z)p−1
∫ |z|
0
dt
(1 − t)np−n+1 .
1
ωˆ(z)p−1(1 − |z|)np−n ,
and
‖Bωz ‖pApω &
∫ |z|
2|z|−1
dt
ωˆ(t)p−1(1 − t)np−n+1 ≈
1
ωˆ(z)p−1(1 − |z|)np−n .
TOEPLITZ OPERATORS ON A2ω(B) WITH ω ∈ Dˆ 9
So, when 1 < p < ∞, by Lemma 2, we have
‖Bωz ‖Apω ≈
1
ωˆ(z)1−
1
p (1 − |z|)n− np
≈ 1
ω(S z)
1− 1
p
, for all |z| > 6
7
.
When 0 < |z| ≤ 6
7
, there exist r0 ∈ (0, 1) and ε > 0 such that
|Bωz (w)| ≥ ε, for all |w| ≤ r0.
Therefore, when 0 < |z| ≤ 6
7
, we obtain
‖Bωz ‖pApω ≥
∫
|w|≤r0
|Bωz (w)|pω(w)dV(w) ≥ C(ε, r0, ω) ≈
1
ω(S z)p−1
,
and
‖Bωz ‖pApω = 2n
∫ 1
0
r2n−1ω(r)Mpp(r, B
ω
z )dr = 2n
∫ 1
0
r2n−1ω(r)Mpp(
7|z|r
6
, Bω6z
7|z|
)dr
≤ 2n
∫ 1
0
r2n−1ω(r)Mpp(r, B
ω
6z
7|z|
)dr = ‖Bω6z
7|z|
‖p
A
p
ω
≈ 1 ≈ 1
ω(S z)p−1
.
The case of z = 0 is trivial. So, we have
‖Bωz ‖Apω ≈
1
ωˆ(z)1−
1
p (1 − |z|)n− np
≈ 1
ω(S z)
1− 1
p
, for all z ∈ B. (5)
In Particular, when p = 2, we have ‖Bωa ‖2A2ω ≈
1
ω(S a)
. So, there exists a constant
C1 = C1(ω) > 0, such that ‖Bωa ‖2A2ω ≥
C1
ω(S a)
for all a ∈ B\{0}. For any fixed
δ ∈ (0, 1], let
t = tδ,a =
√
1 − δ(1 − |a|)
|a| .
Then for all z ∈ B, we have
|Bωa (z)| ≥ |Bωa (aδ)| − |Bωa (aδ) − Bωa (z)| = |Bωta(ta)| − |Bωa (aδ) − Bωa (z)|
= ‖Bωta‖2A2ω − |B
ω
a (aδ) − Bωa (z)| ≥
C1
ω(S ta)
− |Bωa (aδ) − Bωa (z)|
≥ C1
ω(S a)
− |Bωa (aδ) − Bωa (z)|.
Let I = [〈aδ, a〉, 〈z, a〉] be the line segment in D. For all η ∈ I, we have |η| ≤ |a|.
Let |I| be the length of I. If z ∈ S aδ , we have
|I| = |〈aδ, a〉 − 〈z, a〉| = ||aδ||a| − 〈z, a〉|
≤ |aδ|
∣∣∣∣∣1 − 〈 z|z| , a|a| 〉 + 〈 z|z| , a|a| 〉 − 〈 z|aδ| , a|a| 〉
∣∣∣∣∣
≤ |aδ|
(
1 − |aδ| + |z| − |aδ||z||a||aδ| |〈z, a〉|
)
≤ 2δ(1 − |a|).
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By the proof of Lemma 3, there exists C = C(ω) such that
|Bωa (aδ) − Bωa (z)| =
1
2n!
∣∣∣∣∣∣∣
∞∑
k=0
(n − 1 + k)!
k!ω2n+2k−1
(
〈aδ, a〉k − 〈z, a〉k
)∣∣∣∣∣∣∣
=
1
2n!
∣∣∣∣∣∣∣
∞∑
k=1
(n − 1 + k)!
(k − 1)!ω2n+2k−1
∫
I
ηk−1dη
∣∣∣∣∣∣∣
≤ 2δ(1 − |a|)
2n!|a|
∞∑
k=1
(n − 1 + k)!
(k − 1)!ω2n+2k−1
|a|k (6)
≤ Cδ|a|ω(S √|a|)
.
Here, S √|a| means some Carleson block S η with |η| =
√|a|. Since 1−|a| ≈ 1− √|a|,
by Lemma 2, there exists C = C(ω) such that
|Bωa (aδ) − Bωa (z)| ≤
Cδ
ω(S a)
, when |a| > 1
2
.
When 0 < |a| ≤ 1
2
, by (6), there exists C = C(ω) such that
|Bωa (aδ) − Bωa (z)| ≤
4δ(1 − 1
2
)
2n!(1
2
)
∞∑
k=1
(n − 1 + k)!
(k − 1)!ω2n+2k−1 (
1
2
)k ≤ Cδ
ω(S a)
.
Therefore,
|Bωa (z)| ≥
C1
ω(S a)
− δC
ω(S a)
, when a ∈ B\{0}.
We get the desired result by choosing a δ small enough. The proof is complete. 
Lemma 7. Let ω ∈ Dˆ. Then there exists r = r(ω) > 0 such that |Bωz (a)| ≈ Bωa (a)
for all a ∈ B and z ∈ D(a, r).
Proof. For any fixed r > 0, by Cauchy-Schwarz’s inequality, (5) and Lemma 2, we
have
|Bωa (z)| =
∣∣∣〈Bωa , Bωz 〉A2ω ∣∣∣ ≤ ‖Bωa ‖A2ω‖Bωz ‖A2ω
≈
(
1
ω(S z)
1
ω(S a)
) 1
2
≈ 1
ω(S a)
≈ ‖Bωa ‖2A2ω = B
ω
a (a). (7)
Let z ∈ D(a, r) and I = [〈a, a〉, 〈z, a〉] be the line segment in D. We claim that
there exists a constant δ(r) such that
|I| ≤ δ(r)(1 − |a|) and lim
r→0
δ(r) = 0. (8)
Taking this for granted for a moment. By the proof of Lemma 6, there exists
C3 = C3(ω) such that
|Bωa (a) − Bωa (z)| ≤
C3δ(r)
ω(S a)
for all z ∈ D(a, r).
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Therefore, by (7), there exists C4 = C4(ω) such that
|Bωa (z)| ≥ |Bωa (a)| − |Bωa (a) − Bωa (z)| ≥
C4
ω(S a)
− C3δ(r)
ω(S a)
.
We get the desired result by choosing r small enough.
Now we only need to prove that (8) holds. Let tanh r = e
2r−1
e2r+1
. Without loss of
generality, suppose a = (|a|, 0, 0, · · · , 0). Then, z ∈ D(a, r) if and only if
|z1 − c1|2
(tanh r)2t2
+
|z2|2 + |z3|2 + · · · + |zn|2
(tanh r)2t
< 1,
where
c =
(1 − (tanh r)2)a
1 − (tanh r)2|a|2 , t =
1 − |a|2
1 − (tanh r)2|a|2 .
Therefore, using a = (|a|, 0, 0, · · · , 0), we have
|I| = |〈a, a〉 − 〈z, a〉| ≤ |z1 − a1| ≤ |z1 − c1| + |c1 − a1|
≤ 2t tanh r ≤ 4 tanh r
1 − (tanh r)2 (1 − |a|),
which implies the desired result. The proof is complete. 
Lemma 8. Suppose 1 < p < ∞ and ω ∈ D. Let q = p
p−1 . Then (A
p
ω)
∗ ≃ Aqω with
equivalent norms, under the pairing
〈 f , g〉A2ω =
∫
B
f (z)g(z)ω(z)dV(z).
Proof. Suppose T ∈ (Apω)∗. By Hahn-Banach’s Theorem, we can extend T as
a linear functional on L
p
ω without increasing the norm of T . Thus, there exists
h ∈ Lqω, such that for all f ∈ Lpω, T f = 〈 f , h〉L2ω . For all f ∈ A
p
ω, we have
T f = 〈 f , h〉L2ω = 〈Pω f , h〉L2ω = 〈 f , Pωh〉A2ω .
By Theorem C, we have g = Pωh ∈ Aqω and ‖g‖Aqω ≤ ‖Pω‖Lqω→Aqω‖h‖Lqω . Therefore,
‖T‖Apω→C ≤ ‖g‖Aqω ,
and
‖T‖Apω→C = ‖T‖Lpω→C ≈ ‖h‖Lqω & ‖g‖Aqω.
Thus, ‖T‖Apω→C ≈ ‖g‖Aqω.
For any fixed gi ∈ Aqω(i = 1, 2), let
Ti f = 〈 f , gi〉A2ω , for all f ∈ Apω.
Then Ti : A
p
ω → C is bounded. If g1 , g2, let g1 − g2 =
∑
m amz
m. Then there exists
a k such that ak , 0. So we have (T1 − T2)(zk) , 0 and hence T1 , T2. The proof
is complete. 
Lemma 9. Suppose ω ∈ Dˆ and µ is a finite positive Borel measure on B. If f ∈ L1µ
and
∑
m
|gˆm| < ∞, then
〈Tµ f , g〉A2ω = 〈 f , g〉L2µ.
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Proof. Let 0 < r < 1. By Lemmas 1.8 and 1.11 in [27] and
Bωz (w) =
1
2n!
∑
m
(n − 1 + |m|)!
m!ω2n+2|m|−1
z
m
wm,
we have∣∣∣∣∣∣
∫
|z|<r
Bωz (w)g(z)ω(z)dV(z)
∣∣∣∣∣∣ = 12n!
∣∣∣∣∣∣∣∑
m
(n − 1 + |m|)!
m!ω2n+2|m|−1
gˆmw
m
∫
|z|<r
zmz
m
ω(z)dV(z)
∣∣∣∣∣∣∣
≤ 1
2n!
∑
m
(n − 1 + |m|)!
m!ω2n+2|m|−1
|gˆm|
∫
B
zmz
m
ω(z)dV(z)
=
∑
m
|gˆm| < ∞.
Then, Fubini’s theorem and the dominated convergence theorem yield
〈Tµ f , g〉A2ω = lims→1
∫
|z|<s
(∫
B
f (w)Bωz (w)dµ(w)
)
g(z)ω(z)dV(z)
= lim
s→1
∫
B
f (w)
∫
|z|<s
Bωz (w)g(z)ω(z)dV(z)dµ(w)
=
∫
B
f (w)
∫
B
Bωz (w)g(z)ω(z)dV(z)dµ(w)
= 〈 f , g〉L2µ.
The proof is complete. 
Theorem 1. Let 1 < p ≤ q < ∞, ω ∈ D and µ be a positive Borel measure on B.
Then the following statements are equivalent.
(i) Tµ : Apω → Aqω is bounded;
(ii)
T˜µ(z)
ω(S z)
1
p− 1q
∈ L∞;
(iii) µ is a s
(
1
p
− 1
q
+ 1
)
-Carleson measure for Asω, for some (equivalently for all )
0 < s < ∞;
(iv)
µ(S z)
ω(S z)
1
p− 1q +1
∈ L∞.
Proof. Since 1 < p ≤ q < ∞, 1
p
− 1
q
≥ 0. By Theorem A, we have (iii)⇔(iv) and
‖Id‖s
(
1
p
− 1
q
+1
)
Asω→L
s( 1p− 1q +1)
µ
≈
∥∥∥∥∥∥∥ µ(S z)ω(S z) 1p− 1q+1
∥∥∥∥∥∥∥
L∞
.
(i)⇒(ii). Suppose that (i) holds. Let q′ = q
q−1 . Since Tµ : Apω → Aqω is bounded,
by Ho¨lder’s inequality and (5),
|T˜µ(z)| =
|〈TµBωz , Bωz 〉A2ω |
‖Bωz ‖2A2ω
≤
‖Tµ‖Apω→Aqω‖Bωz ‖Apω‖Bωz ‖Aq′ω
‖Bωz ‖2A2ω
≈ ‖Tµ‖A
p
ω→Aqω
ω(S z)
1
q
− 1
p
,
which implies that (ii) holds.
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(ii)⇒(iv). Suppose that (ii) holds, that is, T˜µ(z)
ω(S z)
1
p − 1q
∈ L∞. Let δ and c be those in
Lemma 6. When z ∈ B\{0}, by (5), Lemmas 6 and 9, we have
T˜µ(z)
ω(S z)
≈ ‖Bωz ‖2A2ωT˜µ(z) = 〈TµB
ω
z , B
ω
z 〉A2ω = ‖Bωz ‖2L2µ (9)
≥
∫
S zδ
|Bωz (ζ)|2dµ(ζ) ≥ c2
µ(S zδ)
(ω(S z))2
.
Here zδ = (1 − δ(1 − |a|)) a|a| . Since 1 − |zδ| = δ(1 − |z|), by Lemma 2 we obtain
µ(S zδ)
ω(S zδ)
1
p
− 1
q
+1
.
T˜µ(z)ω(S z)
ω(S zδ)
1
p
− 1
q
+1
≈ T˜µ(z)
ω(S z)
1
p
− 1
q
. (10)
Then we get that (iv) holds.
(iii)⇒(i). Suppose (iii) holds. Then µ is a 1-Carleson measure for A
pq
q−p+pq
ω . For
any f ∈ Apω, we have f ∈ A
pq
q−p+pq
ω and f ∈ L1µ. If g is a polynomial, by Lemma 9,
Theorem A and Ho¨lder’s inequality, we have
|〈Tµ f , g〉A2ω | ≤
∫
B
| f (z)g(z)|dµ(z) ≤ ‖Id‖
A
pq
q−p+pq
ω →L1µ
‖ f g‖
A
pq
q−p+pq
ω
≤ ‖Id‖
A
pq
q−p+pq
ω →L1µ
‖ f ‖Apω‖g‖
A
q
q−1
ω
.
Since polynomials are dense in A
q
q−1
ω , by Lemma 8, Tµ : Apω → Aqω is bounded. The
proof is complete. 
Theorem 2. Let 1 < p ≤ q < ∞, ω ∈ D and µ be a positive Borel measure on B.
Then the following statements are equivalent.
(i) Tµ : Apω → Aqω is compact;
(ii) lim
|z|→1
T˜µ(z)
ω(S z)
1
p − 1q
= 0;
(iii) µ is a vanish s
(
1
p
− 1
q
+ 1
)
-Carleson measure for Asω, for some (equivalently
for all ) 0 < s < ∞;
(iv) lim
|z|→1
µ(S z)
ω(S z)
1
p − 1q +1
= 0.
Proof. By Theorem A, we have (iii)⇔(iv). By (10), we have (ii)⇒(iv).
(i)⇒(ii). Suppose that (i) holds. Let bω,pz (w) = B
ω
z (w)
‖Bωz ‖Apω
. When |w| ≤ r < 1, by (5)
and Lemma 3, we have
|bω,pz (w)| . ω(S z)1−
1
p ‖Bωrz‖H∞ ≈
ω(S z)
1− 1
p
ω(S rz)
.
Then {bω,pz } is bounded in Apω and converges to 0 uniformly on compact subsets of
B as |z| → 1. By Lemma 5, we have lim
|z|→1
‖Tµbω,pz ‖Aqω = 0. By (5) and Ho¨lder’s
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inequality, we have∣∣∣∣T˜µ(z)∣∣∣∣
ω(S z)
1
p
− 1
q
=
|〈TµBωz , Bωz 〉A2ω |
ω(S z)
1
p
− 1
q ‖Bωz ‖2A2ω
≈
∣∣∣〈Tµbω,pz , Bωz 〉A2ω ∣∣∣
ω(S z)
− 1
q
≤
‖Tµbω,pz ‖Aqω‖Bωz ‖
A
q
q−1
ω
ω(S z)
− 1
q
≈ ‖Tµbω,pz ‖Aqω ,
which implies that (ii) holds.
(iii)⇒ (i). Suppose that (iii) holds. Let { fk}∞k=1 be bounded in Apω and converge
to 0 uniformly on compact subsets of B. If 0 < r < 1, let dµr = χr≤|z|<1dµ. By (12)
in [2], we have
lim
r→1
sup
z∈B
µr(S z)
ω(S z)
1
p
− 1
q
+1
= 0.
By the proof of (iii)⇒(i) of Theorem 1, we have lim
r→1
‖Tµr‖Apω→Aqω = 0. For any fixed
0 < r < 1, by Lemma 3 we have∣∣∣Tµ−µr fk(z)∣∣∣ = ∣∣∣∣∣∫
rB
fk(ξ)Bωz (ξ)dµ(ξ)
∣∣∣∣∣
≤ µ(B)‖Brz‖H∞ sup
|ξ|<r
| fk(ξ)| . µ(B)
ω(S rz)
sup
|ξ|<r
| fk(ξ)|.
Therefore, lim
k→∞
‖Tµ−µr fk‖Aqω = 0 for any fixed 0 < r < 1.
For any given ε, we can choose a fixed rε > 0 such that ‖Tµrε‖Apω→Aqω < ε. Then
we have
lim
k→∞
‖Tµ fk‖Aqω ≤ limk→∞ ‖Tµrε fk‖Aqω + limk→∞ ‖Tµ−µrε fk‖Aqω ≤ ε supk>0 ‖ fk‖A
p
ω
.
Since ε is arbitrary, by Lemma 5,Tµ : Apω → Aqω is compact. The proof is complete.

Recall that β(·, ·) is the Bergman metric and D(a, r) is the Bergman metric ball
at a with radius r > 0. Then for all a ∈ B and z ∈ D(a, r), we have 1 − |z| ≈ 1 − |a|.
Suppose {ak} is a sequence in B. It is γ−separated if inf
k, j
β(ak, a j) > γ > 0. It is a
δ-lattice if it is δ
5
-separated and B = ∪∞
k=1D(ak, 5δ).
Define the Rademacher function r j by
r j(t) = sgn(sin(2
jpit)), j = 1, 2, · · · .
The Khintchine’s inequality is the following.
Khintchine’s inequality. For 0 < p < ∞, there exist constants 0 < Ap ≤ Bp < ∞
such that, for all natural numbers k and all complex numbers c1, c2, · · · , ck, we
have
Ap
 k∑
j=1
|c j|2

p
2
≤
∫ 1
0
∣∣∣∣∣∣∣
k∑
j=1
c jr j(t)
∣∣∣∣∣∣∣
p
dt ≤ Bp
 k∑
j=1
|c j|2

p
2
.
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Lemma 10. Suppose 0 < q < p < ∞, 0 < r < ∞, ω ∈ R and µ is a positive Borel
measure on B. Let µ̂r(z) =
µ(D(z,r))
ω(S z)
. Then µ is a q−Carleson measure for Apω if and
only if ∫
B
µ̂r(z)
p
p−qω(z)dV(z) < ∞.
Moreover,
‖Id‖q
A
p
ω→Lqµ
≈ ‖µ̂r‖Lsω , where
1
s
+
q
p
= 1.
Proof. Theorem 4 in [6] shows that µ is a q−Carleson measure for Apω if and only
if µ̂1(z) ∈ L
p
p−q
ω , and ‖µ̂1‖
L
p
p−q
ω
. ‖Id‖q
A
p
ω→Lqµ
. An analogue of (2.3) in [9] shows
that ‖µ̂1‖
L
p
p−q
ω
& ‖Id‖q
A
p
ω→Lqµ
. So, we only need to prove that, for 0 < s < t < ∞,
‖µ̂s‖
L
p
p−q
ω
≈ ‖µ̂t‖
L
p
p−q
ω
.
It is obvious that ‖µ̂s‖
L
p
p−q
ω
≤ ‖µ̂t‖
L
p
p−q
ω
. For any f ∈ L1ω, define
E f (z) =
∫
D(z,t)
f (ξ)ω(ξ)dV(ξ)
ω(D(z, t))
.
By Fubini’s theorem and Proposition 1, E : L1ω → L1ω is bounded. Obviously,
E : L∞ω → L∞ω is bounded. By Theorems 1.32 and 1.33 in [27], E : L
p
p−q
ω → L
p
p−q
ω is
bounded.
There exists ε = ε(s, t) such that, for all z ∈ B and η ∈ D(z, t),
D(τ, ε) ⊂ D(z, t) ∩ D(η, s)
for some τ ∈ D(z, t). Using Proposition 1, we have
Eµ̂s(z) = 1
ω(D(z, t))
∫
D(z,t)
∫
D(ξ,s)
dµ(η)
ω(S ξ)
ω(ξ)dV(ξ)
≈ 1
ω(D(z, t))
∫
B
∫
B
χD(z,t)(ξ)χD(ξ,s)(η)ω(ξ)
ω(D(ξ, s))
dV(ξ)dµ(η)
≈ 1
ω(D(z, t))
∫
B
∫
D(z,t)∩D(η,s)
ω(ξ)
ω(D(η, s))
dV(ξ)dµ(η)
≥ 1
ω(D(z, t))
∫
D(z,t)
∫
D(z,t)∩D(η,s)
ω(ξ)
ω(D(η, s))
dV(ξ)dµ(η)
≈ 1
(ω(D(z, t)))2
∫
D(z,t)
∫
D(z,t)∩D(η,s)
ω(ξ)dV(ξ)dµ(η)
&
µ(D(z, t))
ω(D(z, t))
≈ µ̂t(z).
Therefore,
‖µ̂t‖
L
p
p−q
ω
. ‖Eµ̂s‖
L
p
p−q
ω
≤ ‖E‖
L
p
p−q
ω →L
p
p−q
ω
‖µ̂s‖
L
p
p−q
ω
.
The proof is complete. 
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Theorem 3. Suppose 1 < q < p < ∞, ω ∈ D, r > 0 and µ be a positive Borel
measure on B. Let W1(t) =
ωˆ(t)
1−t . Then the following statements are equivalent.
(i) Tµ : Apω → Aqω is compact;
(ii) Tµ : Apω → Aqω is bounded;
(iii) µ̂r(z) =
µ(D(z,r))
ω(S z)
∈ L
pq
p−q
W1
;
(iv) Id : A
p
ω → L
pq+q−p
q
µ is bounded;
(v) Id : A
p
ω → L
pq+q−p
q
µ is compact.
Moreover,
‖Tµ‖Apω→Aqω ≈ ‖µ̂r‖
L
pq
p−q
W1
≈ ‖Id‖
pq+q−p
q
A
p
ω→L
pq+q−p
q
µ
. (11)
If ω ∈ R, then ‖Tµ‖Apω→Aqω ≈ ‖T˜µ‖
L
pq
p−q
ω
.
Proof. (i)⇒(ii) and (v)⇒(iv) are obvious. In the next proof, let p′ and q′ be the
conjugate of p and q, respectively, that is, 1
p
+
1
p′ = 1 and
1
q
+
1
q′ = 1.
(iii)⇔(iv). Since W1(t) = ωˆ(t)1−t , by Proposition 5 in [21], we have W1 ∈ R and
Wˆ1 = ωˆ. Using Theorem A and Lemma 2, we obtain ‖ · ‖Apω ≈ ‖ · ‖ApW1 for any p > 0.
By Proposition 1 and Lemma 2, we have
W1(D(z, r)) ≈ (1 − |z|)n+1W1(z) ≈ W1(S z) ≈ (1 − |z|)nWˆ1(z) ≈ ω(S z). (12)
Therefore, by Lemma 10, we see that (iii)⇔(iv) holds and
‖Id‖
pq+q−p
q
A
p
ω→L
pq+q−p
q
µ
≈ ‖Id‖
pq+q−p
q
A
p
W1
→L
pq+q−p
q
µ
≈ ‖µ̂r‖
L
pq
p−q
W1
.
(ii)⇒(iii). Let r0 = r0(ω) such that Lemma 7 holds. Suppose that {ak}∞k=1 is a
δ−lattice with 5δ ≤ r0. By Lemmas 1.23 and 2.20 in [27], if s > 0 is fixed, for all
η ∈ D(z, s) and z ∈ B, we have
1 − |η| ≈ 1 − |z| and V(D(η, s)) ≈ (1 − |η|2)n+1. (13)
Then
N∗ = N∗(s, δ) = sup
z∈B,η∈D(z,s)
V(D(z, s + δ
10
)
V(D(η, δ
10
))
< ∞.
So, there are at most N∗ elements of {ak} contained in D(z, s) for any z ∈ B. More-
over, by (12) we have
∞∑
k=1
W1(D(ak, s)) ≈
∞∑
k=1
W1(D(ak,
δ
10
)) ≤ W1(B).
These facts are very important for our proof and we will use them repeatedly.
For any c = {ck}∞k=1 ∈ lp, let
F(w) =
∞∑
k=1
ckb
ω,p
ak
(w) and Ft(w) =
∞∑
k=1
ckrk(t)b
ω,p
ak
(w),
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where b
ω,p
a (w) =
Bωa (w)
‖Bωa ‖Apω
and rk(t) denotes the kth Rademacher function. For any
given w ∈ B, by Ho¨lder’s inequality, (5), (12) and Lemma 1, we have
|F(w)| =
∣∣∣∣∣∣∣
∞∑
k=1
ckb
ω,p
ak
(w)
∣∣∣∣∣∣∣ ≤ ‖c‖lp
 ∞∑
k=1
ω(S ak)|Bωak(w)|
p
p−1

p−1
p
. ‖c‖lp
 ∞∑
k=1
W1(D(ak,
δ
10
))‖Bωw‖
p
p−1
H∞

p−1
p
< ∞.
So, F ∈ H(B). For all g ∈ Ap′ω , by Ho¨lder’s inequality, (5) , the subharmonicity of
|g|p′ and Lemma 1, we have
∣∣∣〈g, F〉A2ω ∣∣∣ =
∣∣∣∣∣∣∣
∞∑
k=1
ck
g(ak)
‖Bωak‖Apω
∣∣∣∣∣∣∣ . ‖c‖lp

∞∑
k=1
|g(ak)|p′
‖Bωak‖p
′
A
p
W1

1
p′
. ‖c‖lp
 ∞∑
k=1
∫
D(ak,
δ
10 )
|g(z)|p′W1(z)dV(z)

1
p′
. ‖c‖lp‖g‖Ap′
W1
≈ ‖c‖lp‖g‖Ap′ω .
By Lemma 8, we have F ∈ Apω and ‖F‖Apω . ‖c‖lp . Thus, ‖Ft‖Apω . ‖{ckrk(t)}∞k=1‖lp .
For brief, let ‖Tµ‖ = ‖Tµ‖Apω→Aqω and χE be the characterization function of a
Borel set E in B. Then for all z ∈ B, we have ∑∞k=1 χD(ak,s)(z) ≤ N∗. By Fubini’s
theorem and Khintchine’s inequality, we get
‖Tµ‖q‖c‖qlp ≥
∫ 1
0
‖Tµ‖q‖{ckrk(t)}∞k=1‖qlpdt ≥
∫ 1
0
‖Tµ‖q‖Ft‖qApωdt
≥
∫ 1
0
‖TµFt‖qAqωdt ≈
∫
B
∫ 1
0
∣∣∣∣∣∣∣
∞∑
k=1
ckrk(t)Tµbω,pak (z)
∣∣∣∣∣∣∣
q
dtW1(z)dV(z)
&
∫
B
∣∣∣∣∣∣∣
∞∑
k=1
|ck|2|Tµbω,pak (z)|2
∣∣∣∣∣∣∣
q
2
W1(z)dV(z)
≥
∫
B
∣∣∣∣∣∣∣
∞∑
k=1
|ck|2|Tµbω,pak (z)|2χD(ak,s)(z)
∣∣∣∣∣∣∣
q
2
W1(z)dV(z)
&
∞∑
k=1
|ck|q
∫
D(ak,s)
|Tµbω,pak (z)|qW1(z)dV(z).
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If s ≤ r0, by the subharmonicity of |Tµbω,pak |q, Lemma 7, (5), (7), and (12), we
have ∫
D(ak,s)
|Tµbω,pak (z)|qW1(z)dV(z) & W1(D(ak, s))|Tµ(bω,pak )(ak)|q
≈ ω(S ak)‖Bωak‖
q
A
p
ω
(∫
B
|Bωak(ξ)|2dµ(ξ)
)q
≥ ω(S ak)‖Bωak‖
q
A
p
ω
(∫
D(ak,s)
|Bωak(ξ)|2dµ(ξ)
)q
&
ω(S ak)
‖Bωak‖
q
A
p
ω
|Bωak(ak)|2q(µ(D(ak, s)))q
≈
 µ(D(ak, s))
ω(S ak)
1+ 1
p
− 1
q
q .
Therefore, if 0 < s ≤ r0, for all c ∈ lp, we have
∞∑
k=1
|ck|q
 µ(D(ak, s))
ω(S ak)
1+ 1
p
− 1
q
q . ‖Tµ‖q‖c‖qlp . (14)
If s > r0, by assumption, {ak} is a δ−lattice with 5δ ≤ r0. For any ak, we can find
Nk (maybe Nk = ∞) elements of {ak}, write as ak,1, ak,2, · · · , ak,Nk such that,
D(ak, s) ⊂ ∪Nkj=1D(ak, j, 5δ),
and
D(ak, s) ∩ D(ak, j5δ) , Ø for j = 1, 2, · · · ,Nk.
Thus, ak, j ∈ D(ak, s+5δ) and D(ak, j, δ10) ⊂ D(ak, s+6δ). By (12) and (13), we have
N# = sup
k≥1
Nk < ∞, and ω(S ak) ≈ ω(S ak, j).
At the same time, we should note that, for k1 , k2, we may have
{ak1, j}
Nk1
j=1 ∩ {ak2 , j}
Nk2
j=1 , Ø.
If ak0 appears in some {ak, j}∞j=1, for convenience, let ak0 = ak1,1 = · · · = akt ,1 with
k1 < k2 < · · · < kt. Then for j = 1, 2, · · · , t, we have
ak0 = ak j ,1 ∈ D(ak j , s + 5δ), i,e. ak j ∈ D(ak0 , s + 5δ).
Since {ak} is a δ-lattice, there exists N† < ∞, we always have t ≤ N†.
For convenience, if Nk < N#, let
µ(D(ak, j,s))
ω(S ak, j )
1+ 1p− 1q
= 0, for j = Nk + 1, · · · ,N#. By
(14), we have
∞∑
k=1
|ck|q
 µ(D(ak, s))
ω(S ak)
1+ 1
p
− 1
q
q . ∞∑
k=1
N#∑
j=1
|ck|q
µ(D(ak, j, r0))
ω(S ak, j)
1+ 1
p
− 1
q

q
=
N#∑
j=1
∞∑
k=1
|ck|q
µ(D(ak, j, r0))
ω(S ak, j)
1+ 1
p
− 1
q

q
. ‖Tµ‖q‖c‖qlp .
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So, (14) holds for all {ck} ∈ lp, δ-lattice {ak} with 5δ ≤ r0 and any fixed s > 0.
Using the facts ‖{ck}∞k=1‖qlp = ‖{cqk}∞k=1‖l pq and (l
p
q )∗ = l
p
p−q , we get
∞∑
k=1
 µ(D(ak, s))
ω(S ak)
1+ 1
p
− 1
q

pq
p−q
≤ C(s, δ)‖Tµ‖
pq
p−q .
For any fixed r > 0, choose s = s(r, δ) such that D(z, r) ⊂ D(a j, s) for all
z ∈ D(a j, 5δ) and j ∈ N. By (13), we have
‖µ̂r‖
pq
p−q
L
pq
p−q
W1
≤
∞∑
j=1
∫
D(a j,5δ)
(
µ(D(z, r))
ω(S z)
) pq
p−q
W1(z)dV(z)
≈
∞∑
j=1
W1(a j)(
(1 − |a j|)n+1W1(a j)
) pq
p−q
∫
D(a j,5δ)
µ(D(z, r))
pq
p−qdV(z)
.
∞∑
j=1
µ(D(a j, s))
pq
p−q(
(1 − |a j|)n+1W1(a j)
) pq
p−q−1
≈
∞∑
j=1
µ(D(a j, s))
pq
p−q
ω(S a j)
1+ 1
p
− 1
q

pq
p−q
. ‖Tµ‖
pq
p−q .
Therefore, (iii) holds.
(iv)⇒(ii). Suppose that Id : Apω → L
pq+q−p
q
µ is bounded. For any f ∈ Apω, we have
f ∈ L1µ. Let x = pq+q−pq . Keep ‖ · ‖Apω ≈ ‖ · ‖ApW1 and ‖ · ‖Aq′ω ≈ ‖ · ‖Aq′W1 in mind. Then
for all polynomial g, by Lemma 9, Ho¨lder’s inequality, Lemma 10 together with
the equality x
p
=
x′
q′ , we have∣∣∣〈Tµ f , g〉A2ω∣∣∣ ≤ ∫
B
| f (z)g(z)|dµ(z) ≤ ‖ f ‖Lxµ‖g‖Lx′µ
≤ ‖Id‖Ap
W1
→Lxµ‖Id‖Aq′
W1
→Lx′µ ‖ f ‖ApW1‖g‖Aq′W1
≈ ‖Id‖x
A
p
W1
→Lxµ‖ f ‖ApW1‖g‖Aq′W1 ≈ ‖Id‖
x
A
p
ω→Lxµ‖ f ‖Apω‖g‖Aq′ω .
Since polynomials are dense in A
q′
ω and (A
q
ω)
∗ ≃ Aq′ω , we see that Tµ : Apω → Aqω is
bounded and ‖Tµ‖Apω→Lqµ . ‖Id‖xApω→Lxµ .
(iii)⇒(v). Suppose that (iii) holds, that is, µ̂r(z) = µ(D(z,r))ω(S z) ∈ L
pq
p−q
W1
. For brief, let
x =
pq+q−p
q
and sB = {z ∈ B : |z| < s} for 0 < s < 1. Since r > 0 is fixed, there
exists a t = t(s) ∈ (0, 1), such that, for all ξ ∈ B\sB and η ∈ D(ξ, r), we have |η| > t.
Moreover, we can assume lim
s→1
t(s) = 1. For every ε > 0, by (iii) and lim
s→1
t(s) = 1,
there exists a s > 0 such that∫
B\tB
(
µ(D(η, r))
W1(D(η, r))
) pq
p−q
W1(η)dV(η)

p−q
pq
< ε. (15)
Suppose {gk}∞k=1 is bounded in Apω and converges to 0 uniformly on compact
subset of B. By the subharmonicity of |gk|x, Fubini’s theorem, Ho¨lder’s inequality,
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we have∫
B\sB
|gk(ξ)|xdµ(ξ) .
∫
B\sB
1
W1(D(ξ, r))
∫
D(ξ,r)
|gk(η)|xW1(η)dV(η)dµ(ξ)
≤
∫
B\tB
|gk(η)|xW1(η)dV(η)
∫
D(η,r)
1
W1(D(ξ, r))
dµ(ξ)
≈
∫
B\tB
|gk(η)|x µ(D(η, r))
W1(D(η, r))
W1(η)dV(η)
≤ ‖gk‖xAp
W1
∫
B\tB
(
µ(D(η, r))
W1(D(η, r))
) pq
p−q
W1(η)dV(η)

p−q
pq
.
So,
lim
k→∞
‖gk‖xLxµ =
(∫
sB
+
∫
B\sB
)
|gk(ξ)|xdµ(ξ)
≤ lim
k→∞
sup
z∈sB
|gk(z)|xµ(B) + ε‖gk‖xAp
W1
≤ ε‖gk‖xAp
W1
. ε‖gk‖xApω .
By Lemma 5, we get that Id : A
p
ω → L
pq+q−p
q
µ is compact.
(iii)⇒(i). Let dµt = χB\tBdµ and (̂µt)r(z) = µt(D(z,r))ω(S z) . By Lemma 3 and (11), we
have
‖Tµgk‖Aqω =
(∫
B
∣∣∣∣∣∫
B
gk(ξ)Bωz (ξ)dµ(ξ)
∣∣∣∣∣q ω(z)dV(z)) 1q
=
(∫
B
∣∣∣∣∣∣
(∫
tB
+
∫
B\tB
)
gk(ξ)Bωz (ξ)dµ(ξ)
∣∣∣∣∣∣q ω(z)dV(z)
) 1
q
. sup
|ξ|≤t
|gk(ξ)|
ω(S ξ)
+ ‖Tµt‖Apω→Aqω‖gk‖Apω . sup|ξ|≤t
|gk(ξ)|
ω(S ξ)
+ ‖(̂µt)r‖
L
pq
p−q
W1
‖gk‖Apω .
By (15), we have
lim
k→∞
‖Tµgk‖Aqω . ε sup ‖gk‖Apω .
By Lemma 5, Tµ : Apω → Aqω is compact.
Suppose ω ∈ R and (iii) holds. Let h be a positive subharmonic function in B.
Then Lemma 2 and Fubini’s theorem yield∫
B
h(z)dµ(z) .
∫
B
1
(1 − |z|2)n+1
∫
D(z,r)
h(ξ)dV(ξ)dµ(z)
≈
∫
B
∫
D(z,r)
h(ξ)
ω(ξ)
ω(S ξ)
dV(ξ)dµ(z) =
∫
B
h(ξ)µ̂r(ξ)ω(ξ)dV(ξ).
Then Lemma 3 and (5) yield
T˜µ(z) =
∫
B
|bωz (ξ)|2dµ(z) .
∫
B
|bωz (ξ)|2µ̂r(ξ)ω(ξ)dV(ξ)
.
‖Bωz ‖H∞
‖Bωz ‖2A2ω
∫
B
|Bωz (ξ)|µ̂r(ξ)ω(ξ)dV(ξ) ≈ P+ω(µ̂r)(z).
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By Theorem C, P+ω : L
pq
p−q
ω → L
pq
p−q
ω is bounded. Then ‖T˜µ‖
L
pq
p−q
ω
. ‖µ̂r‖
L
pq
p−q
ω
.
Assume ω ∈ R, T˜µ ∈ L
pq
p−q
ω and t ∈ (0, r0), where r0 = r0(ω) is that of Lemma 7.
By the proof of Lemma 10, we have ‖µ̂t‖
L
pq
p−q
ω
≈ ‖µ̂r‖
L
pq
p−q
ω
. Then (5) gives
T˜µ(z) ≥
∫
D(z,t)
|bωz (ξ)|2dµ(ξ) ≈ |bωz (z)|2µ(D(z, t)) ≈ µ̂t(z).
Since ω ∈ R,
‖µ̂r‖
L
pq
p−q
ω
≈ ‖µ̂t‖
L
pq
p−q
ω
. ‖T˜µ‖
L
pq
p−q
ω
.
By (11), ‖T˜µ‖
L
pq
p−q
ω
≈ ‖Tµ‖Apω→Aqω . The proof is complete. 
4. SCHATTEN CLASS TOEPLITZ OPERATORS
In this section, we will define a new kind of Dirichlet spaces and investigate the
Schatten class Toeplitz operators on them. As an application, we will characterize
the Schatten class of Tµ : A2ω → A2ω with ω ∈ Dˆ.
Suppose H is a Hilbert space which is separable and T : H → H is compact.
Let k = 0, 1, 2, · · · and
λk(T ) = inf{‖T − R‖H→H : rank(R) ≤ k}.
Obviously,
‖T‖H→H = λ0(T ) ≥ λ1(T ) ≥ λ2(T ) ≥ · · · ≥ 0.
If {λk(T )}∞k=0 ∈ lp for some p ∈ (0,∞), we say that T belongs to the Schatten
p-class, denoted by T ∈ Sp(H). With respect to the norm |T |p = ‖{λk(T )}∞k=0‖lp ,
Sp(H) is a Banach space when 1 ≤ p < ∞. More information about Sp(H) can
be seen in [25, Chapter 1].
Recall that for any ξ ∈ S and 0 < r <
√
2,
Q(ξ, r) = {η ∈ S : |1 − 〈ξ, η〉| ≤ r2}.
Lemma 11. For any 0 < r < 1, there exist ξr,1, ξr,2, · · · , ξr,Nr in S such that
(i) Q(ξr,i, r) ∩ Q(ξr, j, r) = Ø, if 1 ≤ i < j ≤ Nr;
(ii) S = ∪Nr
i=1
Q(ξr,i, 2r);
(iii) Nr ≈ r−2n.
Moreover, there exist Qr, j( j = 1, 2, · · · ,Nr) such that
(iv) Q(ξr, j, r) ⊂ Qr, j ⊂ Q(ξr, j, 2r) for all 1 ≤ j ≤ Nr;
(v) S = ∪Nr
j=1
Qr, j;
(vi) Qr,i ∩ Qr, j = Ø when 1 ≤ i < j ≤ Nr.
Proof. By Lemma 4.6 in [27], for all ξ ∈ S and r ∈ (0, √2), σ(Q(ξ, r)) ≈ r2n. So,
there exist at most Nr points ξr,1, ξr,2, · · · , ξr,Nr such that Nr . r−2n and
Q(ξr,i, r) ∩ Q(ξr, j, r) = Ø, when 1 ≤ i < j ≤ Nr.
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If S , ∪Nr
k=1
Q(ξr,k, 2r), there exist η ∈ S such that d(ξr,i, η) ≥ 2r for i = 1, 2, · · · ,Nr.
Then Q(η, r) ∩ Q(ξr,i, r) = Ø when i = 1, 2, · · · ,Nr. It is contradict with Nr is the
largest number. Therefore,
S = ∪Nr
i=1Q(ξr,k, 2r), and Nr & (2r)
−2n ≈ r−2n.
Then Nr ≈ r−2n.
For j = 1, 2, · · · ,Nr, let
Er, j = Q(ξr, j, 2r) − ∪i, jQ(ξr,i, r).
Then
Q(ξr, j, r) ⊂ Er, j ⊂ Q(ξr, j, 2r).
For every η ∈ S, if η ∈ Q(ξr, j, r) for some j, we have η ∈ Er, j; otherwise, we have
η ∈ Er,k for some k with η ∈ Q(ξr,k, 2r). That is to say, S = ∪Nrj=1Er, j.
Let Qr,1 = Er,1 and
Qr, j+1 = Er, j+1 − ∪ ji=1Qr,i, j = 1, 2, · · · ,Nr − 1.
Then
Qr, j ⊂ Q(ξr, j, 2r), S = ∪Nrj=1Qr, j, and Qr,i ∩ Qr, j = Ø if i , j.
Obviously, we have Q(ξr,1, r) ⊂ Qr,1. Suppose Q(ξr, j, r) ⊂ Qr, j for all 1 ≤ j ≤ k,
where 1 ≤ k < Nr is fixed. If η ∈ Q(ξr,k+1, r), we have η ∈ Er,k+1 and η < Er, j with
j , k + 1. Thus η ∈ Qr,k+1. So, Q(ξr,k+1, r) ⊂ Qr,k+1. By mathematical induction,
Q(ξr, j, r) ⊂ Qr, j for all 1 ≤ j ≤ Nr. The proof is complete. 
When k = 1, 2, · · · , let
Nk = N 1√
2k
, ξk, j = ξ 1√
2k
, j, and Qk, j = Q 1√
2k
, j.
Define ck, j = (1 − 32k+2 )ξk, j and
Rk, j =
{
z ∈ B : 1 − 1
2k
≤ |z| < 1 − 1
2k+1
,
z
|z| ∈ Qk, j
}
.
For convenience, let ξ0,1 = (1, 0, · · · , 0), c0,1 ∈ 14ξ0,1,Q0,1 = S and R0,1 = 12B. Let
Υ = {Rk, j : k = 0, 1, 2, · · · , j = 1, 2, · · · ,Nk}.
Then, B = ∪∞
k=0 ∪Nkj=1 Rk, j and Nk ≈ 2nk.
Lemma 12. The following statements hold.
(i) Suppose 0 < r < 1 is fixed, there exists N = N(r), such that, for any z ∈ B,
∆(z, r) can be covered by a subsets of {Rk, j} with no more than N elements.
(ii) For any given 0 < s < r < 1, there exists M = M(s, r), such that, if {ai} is s
pseudo-hyperbolic separated and B = ∪∆(ai, r), each Rk, j can be covered by
a subset of {∆(a j, r)} with no more than M elements.
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Proof. (i). For any z ∈ B, ∆(z, r) consists of all w ∈ B such that
|Pz(w) − c|2
r2t2
+
|P⊥z (w)|2
r2t
< 1,
where
c =
(1 − r2)z
1 − r2|z|2 , t =
1 − |z|2
1 − r2|z|2 .
As |z| → 1, we have |c| → 1 and t → 0.
Without loss of generality, assume z = (|z|, 0, 0, · · · , 0) and |z| ∈ [1 − 1
2k
, 1− 1
2k+1
)
for some k ∈ N. Then w = (w1,w2, · · · ,wn) ∈ ∆(z, r) if and only if
|w1 − |c||2
r2t2
+
|w2|2 + |w3|2 + · · · + |wn|n
r2t
< 1.
Here,
c =
(1 − r2)z
1 − r2|z|2 , t =
1 − |z|2
1 − r2|z|2 .
After a calculation, we have |c| − rt < |w| < |c|+ rt. Let x = int(log2 1+r1−r )+ 1. Then
1 − 1
2k−x
< 1 − 1 + r
1 − r
1
2k
< |w| < 1 − 1 − r
1 + r
1
2k+1
< 1 − 1
2k+x+1
. (16)
At the same time, if k is large enough such that |w| > 1
2
always holds, then we have∣∣∣∣∣1 − 〈 w|w| , c|c| 〉
∣∣∣∣∣ = ∣∣∣∣∣1 − w1|w|
∣∣∣∣∣ ≤ |w1 − |c|| + ||c| − |w|||w| < 4t. (17)
For any δ = k − x, k − x + 1, · · · , k + x, there exists Qδ, j1 ,Qδ, j2 , · · · ,Qδ, jMδ such
that
Q(
c
|c| ,
√
4t) ⊂ ∪Mδ
i=1Qδ, ji , and Q(
c
|c| ,
√
4t) ∩ Qδ, ji , Ø, for i = 1, 2, · · · ,Mδ.
Then we have
∪Mδ
i=1Qδ, ji ⊂ Q(
c
|c| ,
√
4t +
2√
2δ
).
By Lemma 11, [27, Lemma 4.6] and t ≈ 1 − |z| ≈ 1
2k
, we obtain
Mδ ≤
sup
η∈S
σ(Q(η,
√
4t + 2√
2δ
))
inf
η∈S
σ(Q(η, 1√
2δ
))
≈

√
4t + 2√
2δ
1√
2δ

2n
≈ 1.
This and (16) deduce the desired, that is, for any z ∈ B, ∆(z, r) can be covered by
a subsets of {Rk, j} with no more than N(r) elements.
(ii). Suppose {ai} is s pseudo-hyperbolic separated and B = ∪∞i=1∆(ai, r) for any
fixed 0 < r < 1
2
. For any given Rk, j, without loss of generality, suppose there exists
a constant Mk, j ∈ N such that
Rk, j ∩ ∆(ai, r) , Ø, for all i = 1, 2, · · · ,Mk, j,
and
Rk, j ∩ ∆(ai, r) = Ø, for all i = Mk, j + 1,Mk, j + 2, · · · .
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Then Rk, j ⊂ ∪Mk, ji=1 ∆(ai, r). Let E = ∪ξ∈Rk, j∆(ξ, 2r). Then
∪Mk, j
i=1
∆(ai,
s
2
) ⊂ ∪Mk, j
i=1
∆(ai, r) ⊂ E.
For any z ∈ E, there exists ξ ∈ Rk, j such that z ∈ ∆(ξ, 2r). By (16) and 1 − 12k ≤
|ξ| < 1 − 1
2k+1
, we have
1 − 1 + 2r
1 − 2r
1
2k
< |z| < 1 − 1 − 2r
1 + 2r
1
2k+1
.
By (17), when k is large enough, we have∣∣∣∣∣1 − 〈 z|z| , ξ|ξ| 〉
∣∣∣∣∣ < 4(1 − |ξ|2)1 − 4r2|ξ|2 < 81 − 4r2 12k .
Using the notations defined before Lemma 12, there exists a constant 0 < C(r) <
∞, such that∣∣∣∣∣∣1 − 〈 z|z| , ξk, j|ξk, j| 〉
∣∣∣∣∣∣ =
(
d(
z
|z| ,
ξk, j
|ξk, j|
)
)2
≤ 2
(
d(
z
|z| ,
ξ
|ξ|)
)2
+ 2
(
d(
ξ
|ξ| ,
ξk, j
|ξk, j|
)
)2
= 2
∣∣∣∣∣1 − 〈 z|z| , ξ|ξ| 〉
∣∣∣∣∣ + 2
∣∣∣∣∣∣1 − 〈 ξ|ξ| , ξk, j|ξk, j| , 〉
∣∣∣∣∣∣ < C(r)2k .
Let
E′ =
{
z ∈ B : 1 − 1 + 2r
1 − 2r
1
2k
< |z| < 1 − 1 − 2r
1 + 2r
1
2k+1
,
∣∣∣∣∣∣1 − 〈 z|z| , ξk, j|ξk, j| 〉
∣∣∣∣∣∣ < C(r)2k
}
.
Then,
∪Mk, j
i=1 ∆(ai,
s
2
) ⊂ E′, V(E′) ≈ 1
2(n+1)k
.
Meanwhile, for i = 1, 2, · · · ,Mk, j, since Rk, j ∩ ∆(ai, r) , Ø, we have 1 − |ai| ≈ 12k .
So, V(∆(ai,
s
2
)) ≈ 1
2(n+1)k
. Therefore,
Mk, j ≤ V(E
′)
inf
1≤i≤Mk, j
V(∆(ai,
s
2
))
. 1.
When 1
2
≤ r < 1, we can translate the pseudo hyperbolic balls to Bergman metric
balls, and proved the statement in the same way. The details will be omitted. The
proof is complete. 
Suppose ω ∈ Dˆ. For z ∈ B\{0} and α < 2, let
ωn∗(z) =
∫ 1
|z|
r2n−1 log
r
|z|ω(r)dr
and
Wωα (z) =
(1 − |z|)−αωn∗(z)
|z|2n .
By Lemma 2, when α < 2 and t > 1
2
, we have∫
B
|z|2Wωα (z)dV(z) < ∞ and
Ŵωα (t)
(1 − t)Wωα (t)
≈ 1. (18)
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So, when α < 2, we define a function space H(Wωα ) consisting of all f ∈ H(B)
such that
‖ f ‖2H(Wωα ) = | f (0)|2ω(B) + 4
∫
B
|ℜ f (z)|2Wωα (z)dV(z) < ∞.
Obviously, H(Wωα ) is a Banach space and polynomials are dense in it. For all
f , g ∈ H(Wωα ), the inner product induced by ‖ · ‖H(Wωα ) is
〈 f , g〉H(Wωα ) = f (0)g(0)ω(B) + 4
∫
B
ℜ f (z)ℜg(z)Wωα (z)dV(z).
By (18), even if
∫ 1
0
Wωα (t)dt is divergent, we can find a Ψ ∈ R such that
‖ f ‖2H(Wωα ) ≈ | f (0)|2 + 4
∫
B
|ℜ f (z)|2Ψ(z)dV(z) < ∞.
For example,
Ψ(t) =
{
Wωα (
1
2
), t ∈ [0, 1
2
],
Wωα (t), t ∈ [12 , 1).
So, we always assume that Wωα is a regular weight.
Theorem 2 in [2] shows that, if ω is a radial weight,
‖ f − f (0)‖2
A2ω
= 4
∫
B
|ℜ f (z)|2
|z|2n ω
n∗(z)dV(z) ≈
∫
B
|ℜ f (z)|2ω∗(z)dV(z). (19)
Lemma 13. Suppose ω ∈ Dˆ. Then
A2ω = H(W
ω
0 ), and A
2
ω∗−α−2
≃ H(Wωα ) when α < 0. (20)
Here, ω∗−α−2(t) = (1 − t)−α−2ω∗(t).
Proof. It is obvious that A2ω = H(W
ω
0 ). For any ω ∈ Dˆ and β ∈ R, let
ωβ(t) = (1 − t)βω(t), ω∗β(t) = (1 − t)βω∗(t).
Assume α < 0. By Lemma 2, we have ω∗−α−2 ∈ R. If t > 12 , using Lemma 2, we
obtain
(ω∗−α−2)
n∗(t) ≈ (ω∗−α−2)∗(t) ≈ ω∗−α(t) ≈ ωn∗−α(t). (21)
Since ∫ 1
2
0
r2n−1(ω∗−α−2)
∗(r)dr < ∞, and
∫ 1
1
2
r2n−1(ω∗−α−2)
∗(r)dr > 0,
we have ∫ 1
2
0
r2n−1(ω∗−α−2)
∗(r)dr < C(ω)
∫ 1
1
2
r2n−1(ω∗−α−2)
∗(r)dr.
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By (19), the monotonicity of M2(r,ℜ f ) and (21), we have
‖ f − f (0)‖2Aω∗−α−2 ≈
∫
B
|ℜ f (z)|2(ω∗−α−2)∗(z)dV(z)
=2n
∫ 12
0
+
∫ 1
1
2
 r2n−1(ω∗−α−2)∗(r)M22(r,ℜ f )dr
.2n
∫ 1
1
2
r2n−1(ω∗−α−2)
∗(r)M22(r,ℜ f )dr
≈2n
∫ 1
1
2
r2n−1
ωn∗−α(r)
r2n
M22(r,ℜ f )dr
≤
∫
B
|ℜ f (z)|2Wωα (z)dV(z).
Therefore,
‖ f ‖2Aω∗−α−2 . | f (0)|
2ω(B) + 4
∫
B
|ℜ f (z)|2Wωα (z)dV(z).
For any f ∈ H(B), let fr(z) = f (rz) for r ∈ (0, 1). If |z| ≤ 12 , by Cauchy’s
formula, we have
f (z) =
∫
S
f 3
4
(η)
(1 − 〈4
3
z, η〉)ndσ(η).
So, when |z| ≤ 1
2
, since M1(r, f ) ≤ M2(r, f ), we have
|ℜ f (z)| = n
∣∣∣∣∣∣
∫
S
f 3
4
(η)
(1 − 〈4
3
z, η〉)n+1 〈
4
3
z, η〉dσ(η)
∣∣∣∣∣∣ . |z|M1(34 , f )
. |z|
2n
∫ 1
3
4
M1(r, f )r
2n−1ω∗−α−2(r)dr
2n
∫ 1
3
4
r2n−1ω∗−α−2(r)dr
. |z|‖ f ‖A2
ω∗−α−2
.
Thus, by (19) and (21), we have∫
B
|ℜ f (z)|2Wωα (z)dV(z) =2n
∫ 12
0
+
∫ 1
1
2
 r2n−1Wωα (r)M22(r,ℜ f )dr
.‖ f ‖2
A2
ω∗−α−2
+ 2n
∫ 1
1
2
r2n−1(ω∗−α−2)
∗(r)M22(r,ℜ f )dr
≤‖ f ‖2
A2
ω∗−α−2
+ ‖ f − f (0)‖2
A2
ω∗−α−2
.
Therefore,
‖ f ‖H(Wωα ) . ‖ f ‖A2
ω∗−α−2
.
The proof is complete. 
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Lemma 14. Suppose ω is continuous and regular. For any a, z ∈ B, let
va(z) =
∫ 1
0
(
Bωa (tz) − Bωa (0)
) dt
t
.
Then there exists δ = δ(ω) ∈ (0, 1) such that
|va(z)| & 1
(1 − |a|)n−1ωˆ(a) , (22)
for all |a| ≥ 1
2
and |z − a| < δ(1 − |a|).
Therefore, there exists r = r(ω) ∈ (0, 1) such that (22) holds for all |a| ≥ 1
2
and
z ∈ ∆(a, r).
Proof. By Lemma 3, we have
va(z) =
1
2n!
∞∑
k=1
(n − 1 + k)!
k k!ω2n+2k−1
〈z, a〉k.
Let |a| > 1
2
and fix the integer N = N(a) such that 1 − 1
N
< |a| ≤ 1 − 1
N+1
. Using
Stirling’s estimate, Lemmas 1 and 2, we have
va(a) ≈
∞∑
k=1
kn−2
ωˆ(1 − 1
k
)
|a|2k & N
n−2
ωˆ(1 − 1
N
)
∞∑
k=N
|a|2k
=
1
(1 − (1 − 1
N
))n−2ωˆ(1 − 1
N
)
|a|2N
1 − |a|2 ≈
1
(1 − |a|)n−1ωˆ(a) .
If |z − a| < δ(1 − |a|) and |a| > 1
2
, by Lemma 3, more specifically, the proof of it
in [3], we have
|va(z) − va(a)| = 1
2n!
∣∣∣∣∣∣∣
∞∑
k=1
(n − 1 + k)!
k k!ω2n+2k−1
(
〈z, a〉k − 〈a, a〉k
)∣∣∣∣∣∣∣
≤ 1
2n!
∞∑
k=1
(n − 1 + k)!
k!ω2n+2k−1
∣∣∣∣∣∣
∫ 〈z,a〉
〈a,a〉
ηk−1dη
∣∣∣∣∣∣
≤ |z − a| 1
2n!
∞∑
k=1
(n − 1 + k)!
k!ω2n+2k−1
|a|k−1 . δ
(1 − |a|)n−1ωˆ(a) .
So, when δ is small enough, we have
|va(z)| ≥ |va(a)| − |va(a) − va(z)| & 1
(1 − |a|)n−1ωˆ(a) .
The proof is complete. 
By Cauchy’s formula, each point evaluation Lz( f ) = f (z) is a linear bounded
functional on H(Wωα ) for α < 2. So, there exists reproducing kernel K
Wωα
z with
‖Lz‖ = ‖KW
ω
α
z ‖H(Wωα ) such that
f (z) = 〈 f ,KWωαz 〉H(Wωα ), for all f ∈ H(Wωα ).
28 JUNTAO DU AND SONGXIAO LI†
Then, if µ is a positive Borel measure, the Toeplitz operatorTµ : H(W
ω
α )→ H(Wωα )
is defined by
Tµ f (z) =
∫
B
f (w)K
Wωα
z (w)dµ(w).
Lemma 15. Suppose α < 2 and ω ∈ Dˆ. Then
K
Wωα
z (w) =
1
ω(B)
+
1
8n!
∞∑
k=1
(n − 1 + k)!
k2k!(Wωα )2n+2k−1
〈w, z〉k.
If α < 1, then
‖KWωαz ‖2H(Wωα ) ≈
(1 − |z|)α−n+1
ω∗(z)
, when |z| > 1
2
. (23)
Here, (Wωα )s =
∫ 1
0
tsWωα (t)dt for all s ≥ 2n.
Proof. For any fixed z ∈ B, let
K
Wωα
z (w) =
∑
m
am(z)w
m.
Let f (z) =
∑
m
bmz
m be a polynomial. By (1.22) in [27], we have
f (z) = a0(z)b0ω(B) + 4
∫
B
∑
|m|>0
|m|bmwm

∑
|m|>0
|m|am(z)wm
Wωα (w)dV(w)
= a0(z)b0ω(B) + 4
∑
|m|>0
2n|m|2am(z)bm (n − 1)!m!
(n − 1 + |m|)!(W
ω
α )2n+2|m|−1.
Then
a0(z) =
1
ω(B)
, and am(z) =
(n − 1 + |m|)!
8n!m!|m|2(Wωα )2n+2|m|−1
zm, when |m| > 0.
Therefore,
K
Wωα
z (w) =
1
ω(B)
+
∑
|m|>0
(n − 1 + |m|)!
8n!m!|m|2(Wωα )2n+2|m|−1
wmz
m
=
1
ω(B)
+
1
8n!
∞∑
k=1
(n − 1 + k)!
k2k!(Wωα )2n+2k−1
∑
|m|=k
|m|!
m!
wmz
m
=
1
ω(B)
+
1
8n!
∞∑
k=1
(n − 1 + k)!
k2k!(Wωα )2n+2k−1
〈w, z〉k.
Recall that
(Wωα )2n+2k−1 =
∫ 1
0
t2n+2k−1
(1 − t)−αωn∗(t)
t2n
dt =
∫ 1
0
t2k−1(1 − t)−αωn∗(t)dt,
and
ωn∗(t) =
∫ 1
t
s2n−1 log
s
t
ω(s)ds, ω∗(t) =
∫ 1
t
s log
s
t
ω(s)ds.
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By Lemmas 1 and (2), we have
(Wωα )2n+2k−1 =
∫ 1
0
t2k−1(1 − t)−αω∗(t)dt ≈ ω
∗(1 − 1
2k
)
(2k)−α+1
≈ ω
∗(1 − 1
2n+2k−2 )
(2n + 2k − 2)−α+1 . (24)
When |z| > 1
2
and α < 1, by Stirling’s formula, we get
‖KWωαz ‖2H(Wωα ) = K
Wωα
z (z) ≈ 1 +
∞∑
k=1
kn−3|z|2k
(Wωα )2n+2k−1
≈ 1 +
∞∑
k=1
kn−1|z|2k
kα+2ω∗
2k−1
≈
∞∑
k=0
(k + 1)n−1|z|2k+2
(k + 1)α+2ω∗
2k+1
. (25)
Using (4.5) in [15], it is easy to see that {(k + 1)2ω∗2k+1}∞k=0 is decreasing. Suppose
1 − 1
N
≤ |z| < 1 − 1
N+1
for some N ∈ N and N > 1. By Lemmas 1 and 2, we have
N∑
k=0
(k + 1)n−1|z|2k+2
(k + 1)α+2ω∗
2k+1
≤ 1
(N + 1)2ω∗
2N+1
∞∑
k=0
|z|2k+2
(k + 1)α+1−n
≈ (1 − |z|)
α−n
(N + 1)2ω∗
2N+1
≈ (1 − |z|)
α−n+1
ω∗(z)
, (26)
and
∞∑
k=N
(k + 1)n−1|z|2k+2
(k + 1)α+2ω∗
2k+1
≥ 1
(N + 1)2ω∗
2N+1
2N∑
k=N
|z|2k+2
(k + 1)α+1−n
&
1
(N + 1)2ω∗
2N+1
(N + 1)(1 − 1
N
)4N+2
(N + 1)α+1−n
&
1
(N + 1)α+2−nω∗
2N+1
≈ (1 − |z|)
α−n+1
ω∗(z)
. (27)
By Lemmas 1 and 2, there is a b > 0 such that ω
∗(t)
(1−t)b is essential increasing.
Assume n − α + b − 2 > 0. Then
∞∑
k=N+1
(k + 1)n−1|z|2k+2
(k + 1)α+2ω∗
2k+1
≈
∞∑
k=N+1
(k + 1)n−α−2|z|2k+2
ω∗(1 − 1
2k+1
)
≈
∞∑
k=N+1
(k + 1)n−α+b−2|z|2k+2
ω∗(1− 12k+1 )
(1−(1− 12k+1 ))
b
.
1
(2N + 3)bω∗(1 − 1
2N+3
)
∞∑
k=0
(k + 1)n−α+b−2|z|2k
≈ 1
(2N + 3)bω∗(1 − 1
2N+3
)
1
(1 − |z|2)n−α+b−1
≈ (1 − |z|)
α−n+1
ω∗(z)
. (28)
By (25)-(28), we obtain that (23) holds. The proof is complete. 
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Lemma 16. Suppose α < 1 and ω ∈ Dˆ. There exists C = C(ω) > 0, such that for
all f (z) =
∑
m amz
n, we have
1
C
‖ f ‖2H(Wωα ) ≤
∑
m
(|m| + 1)α+2m!
(n − 1 + |m|)! ω
∗
2|m|+1|am|2 ≤ C‖ f ‖2H(Wωα ).
Proof. By (1.21) and Lemma 1.11 in [27], (24) and Lemma 2, we have
‖ f ‖2H(Wωα ) = | f (0)|2ω(B) + 4
∫
B
|ℜ f (z)|2Wωα (z)dV(z)
≈ |a0|2 +
∑
|m|>0
|m|2|am|2
∫ 1
0
r2n+2|m|−1Wωα (r)dr
∫
S
|ηm|2dσ(η)
≈ |a0|2 +
∑
|m|>0
|m|α+2m!
(n − 1 + |m|)!ω
∗(1 − 1
2|m|)|am|
2
≈
∑
m
(|m| + 1)α+2m!
(n − 1 + |m|)! ω
∗
2|m|+1|am|2.
The proof is complete. 
Theorem 4. Let ω ∈ Dˆ, µ be a positive Borel measure on B, 1 ≤ p < ∞ and
−∞ < α < 1 such that pα < 1. Let
µ̂r,α =
µ(D(z, r))
(1 − |z|)−α+n−1ω∗(z) , dλ(z) =
dV(z)
(1 − |z|2)n+1 .
Then the following statements are equivalent.
(i) Tµ ∈ Sp(H(Wωα ));
(ii)
Mµ =
∑
Rk, j∈Υ
(
µ(Rk, j)
(1 − |ck, j|)−α+n−1ω∗(ck, j)
)p
< ∞;
(iii) µ̂r,α ∈ Lp(B, dλ) for some (equivalently, for all) r > 0.
Moreover, |Tµ|pp ≈ Mµ ≈ ‖µ̂r,α‖pLp
λ
.
Proof. (ii)⇒(i). The proof will be divided into two steps. Suppose Mµ < ∞.
The first step. Assume µ is a compactly supported positive Borel measure. It is
easy to know that Tµ is compact on H(W
ω
α ). Then the canonical decomposition of
Tµ is, see [25] for example,
Tµg(z) =
∑
k=
λk〈g, ek〉H(Wωα ) fk, for g ∈ H(Wωα ).
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Here {ek}, { fk} are orthogonal sets in H(Wωα ) and {λk} is the singular values of Tµ.
By Fubini’s theorem, Cauchy-Schwarz’s inequality, Lemmas 15 and 2, we get
|Tµ|11 =
∑
k
|λk| =
∑
k
∣∣∣〈Tµek, fk〉H(Wωα )∣∣∣
=
∑
k
∣∣∣∣∣ω(B)Tµek(0) fk(0) + 4∫
B
ℜ(Tµek)(z)ℜ fk(z)Wωα (z)dV(z)
∣∣∣∣∣
=
∑
k
∣∣∣∣∣∣∣
∫
B
(
ω(B) fk(0)K
Wωα
w (0) + 4
∫
B
ℜ fk(z)ℜKW
ω
α
w (z)Wωα (z)dV(z)
)
ek(w)dµ(w)
∣∣∣∣∣∣∣
=
∑
k
∣∣∣∣∣∫
B
ek(w)〈 fk,KW
ω
α
w 〉H(Wωα )dµ(w)
∣∣∣∣∣ =∑
k
∣∣∣∣∣∫
B
ek(w) fk(w)dµ(w)
∣∣∣∣∣
≤
∫
B
∑
k
|ek(w)|2

1
2
∑
k
| fk(w)|2

1
2
dµ(w) ≤
∫
B
‖KWωαw ‖2H(Wωα )dµ(w)
≤
∫
B
(1 − |w|)α−n+1
ω∗(w)
dµ(w) =
∑
Rk, j∈Υ
∫
Rk, j
(1 − |w|)α−n+1
ω∗(w)
dµ(w)
≈
∑
Rk, j∈Υ
µ(Rk, j)
(1 − |ck, j|)−α+n−1ω∗(ck, j)
.
Thus we proved the assertion with the case p = 1.
Now we assume 1 < p < ∞ and pα < 1. Take ε > 0 such that α < 2ε < 1−α
p−1 and
Λ = {ζ ∈ C : 0 ≤ Reζ ≤ 1}. For any fixed ζ ∈ Λ, define
Gζ(
∑
m
amz
m) =
∑
m
(|m| + 1)ε(1−pζ)amzm,
and γ = α − 2ε(1 − pReζ). By Lemma 16, we have
• for all f ∈ H(Wωα ), ‖Gζ f ‖H(Wωγ ) = ‖GReζ f ‖H(Wωγ );
• Gζ : H(Wωα )→ H(Wωγ ) is uniformly bounded and invertible.
If Reζ = 0, we have H(Wωγ ) ≃ A2ω∗−(α−2ε)−2 by Lemma 13.
Let
µζ =
∑
Rk, j∈Υ
(
µ(Rk, j)
(1 − |ck, j|)−α+n−1ω∗(ck, j)
)pζ−1
χRk, jµ (29)
and the operator S ζ on H(W
ω
α ) be defined by
S ζ f (z) =
∫
B
Gζ f (w)GζK
Wωα
z (w)(1 − |w|)2ε(1−pζ)dµζ(w),
here, χRk, j = 0 if µ(Rk, j) = 0 and χRk, j = 1 otherwise. So, µζ is compactly supported
and the series at the right side of (29) is a sum of finite terms. SinceGζ : H(W
ω
α )→
H(Wωγ ) is uniformly bounded, for any fixed 0 < r < 1, there is a C = C(r) such
that
sup
0≤|z|≤r
|Gζ f (z)| ≤ C(r)‖Gζ f ‖H(Wωγ ) . C(r)‖ f ‖H(Wωα ).
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So, ‖S ζ‖H(Wωα )→H(Wωα ) is uniformly bounded on Λ. If we can find 0 < M0,M1 < ∞
such that
|S ζ |∞ ≤ M0 when Reζ = 0, and |S ζ |1 ≤ M1 when Reζ = 1,
by Theorem 13.1 in Chapter 3 of [4], we have
|S ζ |p ≤ M1−
1
p
0
M
1
p
1
when Reζ =
1
p
. (30)
Here, we should note that |S ζ |∞ = ‖S ζ‖H(Wωα )→H(Wωα ) and S 1p = Tµ.
Next, we estimate ‖S ζ‖H(Wωα )→H(Wωα ) when Reζ = 0. Let f , g ∈ H(Wωα ). Since
Reζ = 0, then Gζg(0) = g(0) and∫
B
ℜg(z)ℜ(GζKW
ω
α
z (w))W
ω
α (z)dV(z) =
∫
B
ℜ(Gζg)(z)ℜ(KW
ω
α
z (w))W
ω
α (z)dV(z)
=
1
4
(
(Gζg)(w) − g(0)
)
.
Therefore, by Lemma 15 and Fubini’s Theorem, we get
〈S ζ f , g〉H(Wωα )
=ω(B)g(0)
∫
B
Gζ f (w)GζK
Wωα
0
(w)(1 − |w|)2ε(1−pζ)dµζ(w)
+ 4
∫
B
ℜ
(∫
B
Gζ f (w)GζK
Wωα
z (w)(1 − |w|)2ε(1−pζ)dµζ(w)
)
ℜg(z)Wωα (z)dV(z)
=g(0)
∫
B
Gζ f (w)(1 − |w|)2ε(1−pζ)dµζ(w)
+ 4
∫
B
(∫
B
Gζ f (w)ℜGζKW
ω
α
z (w)(1 − |w|)2ε(1−pζ)dµζ(w)
)
ℜg(z)Wωα (z)dV(z)
=g(0)
∫
B
Gζ f (w)(1 − |w|)2ε(1−pζ)dµζ(w)
+ 4
∫
B
(∫
B
ℜGζKW
ω
α
z (w)ℜg(z)Wωα (z)dV(z)
)
Gζ f (w)(1 − |w|)2ε(1−pζ)dµζ(w)
=
∫
B
Gζ f (w)Gζg(w)(1 − |w|)2ε(1−pζ)dµζ(w).
Then, when Reζ = 0, Ho¨lder’s inequality induces that∣∣∣〈S ζ f , g〉H(Wωα )∣∣∣ = ∣∣∣∣∣∫
B
Gζ f (w)Gζg(w)(1 − |w|)2ε(1−pζ)dµζ(w)
∣∣∣∣∣ (31)
≤
(∫
B
|Gζ f (w)|2(1 − |w|)2εd|µζ |(w)
) 1
2
(∫
B
|G
ζ
g(w)|2(1 − |w|)2εd|µζ |(w)
) 1
2
.
Since Gζ : H(W
ω
α ) → H(Wωγ ) is uniformly bounded and H(Wωγ ) ≃ A2ω∗−(α−2ε)−2,
when Reζ = 0, we have ‖Gζ f ‖A2
ω∗−(α−2ε)−2
. ‖ f ‖H(Wωα ). Since |Gζ f |2 is subharmonicity
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and ω∗−(α−2ε)−2 ∈ R, for any fixed 0 < s < 1, by Lemma 1.23 in [27] and Lemma 2,
we have
|Gζ f (w)|2 ≤
∫
∆(w,s)
|Gζ f (η)|2ω∗−(α−2ε)−2(η)dV(η)∫
∆(w,s)
ω∗−(α−2ε)−2(η)dV(η)
≤ C(s, ω)
∫
∆(w,s)
|Gζ f (η)|2ω∗−(α−2ε)−2(η)dV(η)
(1 − |w|)2ε+n−α−1ω∗(w) .
Using Fubini’s Theorem and Lemma 12, we have∫
B
|Gζ f (w)|2(1 − |w|)2εd|µζ |(w)
≤C(s, ω)
∫
B
∫
∆(w,s)
|Gζ f (η)|2ω∗−(α−2ε)−2(η)dV(η)
(1 − |w|)n−α−1ω∗(w) d|µζ |(w)
=C(s, ω)
∫
B
|Gζ f (η)|2ω∗−(α−2ε)−2(η)dV(η)
∫
∆(η,s)
d|µζ |(w)
(1 − |w|)n−α−1ω∗(w)
.C(s, ω)
(
sup
η∈B
|µζ |(∆(η, s))
(1 − |η|)n−α−1ω∗(η)
)
‖Gζ f ‖2A2
ω∗−(α−2ε)−2
.C(s, ω)
(
sup
η∈B
|µζ |(∆(η, s))
(1 − |η|)n−α−1ω∗(η)
)
‖ f ‖2H(Wωα )
.C(s, ω)
 sup
Rk, j∈Υ
|µζ |(Rk, j)
(1 − |ck, j|)n−α−1ω∗(ck, j)
 ‖ f ‖2H(Wωα ).
Similarly, we have∫
B
|Gζg(w)|2(1 − |w|)2εd|µζ |(w) . C(s, ω)
 sup
Rk, j∈Υ
|µζ |(Rk, j)
(1 − |ck, j|)n−α−1ω∗(ck, j)
 ‖g‖2H(Wωα ).
Therefore, when Reζ = 0,∣∣∣〈S ζ f , g〉H(Wωα )∣∣∣ . C(s, ω)  sup
Rk, j∈Υ
|µζ |(Rk, j)
(1 − |ck, j|)n−α−1ω∗(ck, j)
 ‖ f ‖H(Wωα )‖g‖H(Wωα ).
At the same time, since
|µζ |(Rk, j)
(1 − |ck, j|)n−α−1ω∗(ck, j) =
(
µ(Rk, j)
(1 − |ck, j|)n−α−1ω∗(ck, j)
)pReζ−1
µ(Rk, j)
(1 − |ck, j|)n−α−1ω∗(ck, j)
=
(
µ(Rk, j)
(1 − |ck, j|)n−α−1ω∗(ck, j)
)pReζ
, (32)
when Reζ = 0, there is a constant 0 < M0 = M0(s, ω) < ∞, such that, for all
f , g ∈ H(Wωα ), we have∣∣∣〈S ζ f , g〉H(Wωα )∣∣∣ ≤ M0‖ f ‖H(Wωα )‖g‖H(Wωα ).
Then, we will estimate the upper bound of |S ζ |1 for Reζ = 1. Assume Reζ = 1.
SinceGζ andGζ are bounded and invertible from H(W
ω
α ) to H(W
ω
γ ), we can choose
bounded and invertible operators A and B on H(Wωα ) such that GζA and GζB are
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unitary operators from H(Wωα ) to H(W
ω
γ ). Here we should note that γ = α+2ε(p−
1) when Reζ = 1. Let T = B∗S ζA. By (31), for all f , g ∈ H(Wωα ), we have
〈T f , g〉H(Wωα ) = 〈S ζA f , Bg〉H(Wωα )
=
∫
B
GζA f (w)GζBg(w)(1 − |w|)2ε(1−pζ)dµζ(w).
Now, let { fk} and {gk} be orthogonal sets on H(Wωα ) and
ek = GζA fk, e
′
k = GζBgk.
Since GζA and GζB are unitary operators from H(W
ω
α ) to H(W
ω
γ ), {ek} and e′k are
orthogonal sets in H(Wωγ ). By Lemma 15, we get∑
k
|ek(z)|2 ≤ ‖KW
ω
γ
z ‖2H(Wωγ ) ≈
(1 − |z|)γ−n
ωˆ(z)
,
and ∑
k
|e′k(z)|2 ≤ ‖K
Wωγ
z ‖2H(Wωγ ) ≈
(1 − |z|)γ−n
ωˆ(z)
.
Therefore, by Cauchy-Schwarz’s inequality, we obtain∑
k
∣∣∣〈T fk, gk〉H(Wωα )∣∣∣ =∑
k
∣∣∣∣∣∫
B
ek(w)e
′
k
(w)(1 − |w|)2ε(1−pζ)dµζ(w)
∣∣∣∣∣
≤
∫
B
∑
k
|ek(w)|2

1
2
∑
k
|e′k(w)|2

1
2
(1 − |w|)2ε(1−pReζ)d|µζ |(w)
≤
∫
B
(1 − |w|)γ−n
ωˆ(w)
(1 − |w|)2ε(1−p)d|µζ |(w)
=
∑
Rk, j∈Υ
∫
Rk, j
(1 − |w|)α−n
ωˆ(w)
d|µζ |(w)
≈
∑
Rk, j∈Υ
(1 − |ck, j|)α−n+1
ω∗(ck, j)
∫
Rk, j
d|µζ |(w)
=
∑
Rk, j∈Υ
(
µ(Rk, j)
(1 − |ck, j|)−α+n−1ω∗(ck, j)
)p
.
By Theorem 1.27 in [25], we have
|T |1 .
∑
Rk, j∈Υ
(
µ(Rk, j)
(1 − |ck, j|)−α+n−1ω∗(ck, j)
)p
.
Lemma 1.36 in [25] implies that
|S ζ |1 ≤ ‖(B∗)−1‖H(Wωα )→H(Wωα )|T |1 · ‖A−1‖H(Wωα )→H(Wωα )
.
∑
Rk, j∈Υ
(
µ(Rk, j)
(1 − |ck, j|)−α+n−1ω∗(ck, j)
)p
.
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Using (30) and S 1
p
= Tµ, we have
|Tµ|p .
 ∑
Rk, j∈Υ
(
µ(Rk, j)
(1 − |ck, j|)−α+n−1ω∗(ck, j)
)p
1
p
for all µ with the compactly support subsets and p > 1.
The second step. Suppose µ is a positive Borel measure such that Mµ < ∞. For
k = 1, 2, · · · and all Borel set E ⊂ B, let
µk(E) = µ(E ∩ (1 − 1
k + 1
)B).
Then µk is compactly supported and Mµk ≤ Mµ < ∞. So, we have |Tµk |pp . Mµ and
‖Tµk‖pH(Wωα )→H(Wωα ) = |Tµk |
p
∞ ≤ |Tµk |pp . Mµ.
Consider the identity operator Idk : H(W
ω
α )→ L2(B, dµk). Here, we should note
that Idk can also be taken as a operator from H(W
ω
α ) to L
2(B, dµ), which is defined
by
Idk f (z) = χ(1− 1
k+1B)
(z) f (z), for all f ∈ H(Wωα ).
So, we do not distinguish the operators Idk : H(W
ω
α ) → L2(B, dµk) and Idk :
H(Wωα )→ L2(B, dµ). For any f , g ∈ H(Wωα ), using Fubini’s Theorem,
〈Tµk f , g〉H(Wωα ) = Tµk f (0)g(0)ω(B) + 4
∫
B
ℜTµk f (z)ℜg(z)Wωα (z)dV(z) (33)
=
∫
B
f (w)g(w)dµk(w) = 〈Idk f , Idkg〉L2(B,dµk) = 〈(Idk)∗Idk f , g〉H(Wωα ).
Then we have Tµk = (Idk)
∗Idk and
‖(Idk)∗Idk‖H(Wωα )→H(Wωα ) = ‖Tµk‖H(Wωα )→H(Wωα ) . M
1
p
µ .
So, ‖Idk‖H(Wωα )→L2(B,µk) . M
1
2p
µ . Let Id be the identity operator from H(W
ω
α ) to
L2(B, µ). By Banach-Steinhaus’s Theorem, we have
lim
k→∞
‖Id − Idk‖H(Wωα )→L2(B,dµ) = 0, and ‖Id‖H(Wωα )→L2(B,µ) . M
1
2p
µ .
Then,
lim
k→∞
‖(Id)∗ − (Idk)∗‖L2(B,dµ)→H(Wωα ) = 0.
Thus,
lim
k→∞
‖(Id)∗Id − (Idk)∗Idk‖H(Wωα )→H(Wωα ) = 0.
Similar to get (33), for any f , g ∈ H(Wωα ) we have
〈Tµ f , g〉H(Wωα ) =
∫
B
f (w)g(w)dµ(w). (34)
Therefore,
lim
k→∞
‖Tµ −Tµk‖H(Wωα )→H(Wωα ) = lim
k→∞
‖(Id)∗Id − (Idk)∗Idk‖H(Wωα )→H(Wωα ) = 0,
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and
‖Tµ‖H(Wωα )→H(Wωα ) ≤ ‖(Id)∗Id‖H(Wωα )→L2(B,µ) . M
1
p
µ .
Since Tµk(k = 1, 2, · · · ) are compact operators on H(Wωα ), Tµ is compact on
H(Wωα ).
If T is a bounded operator on H(Wωα ), then
‖Tµ − T‖H(Wωα )→H(Wωα ) = lim
k→∞
‖Tµk − T‖H(Wωα )→H(Wωα ).
So, λ j(Tµ) = limk→∞ λ j(Tµk). Fatou’s Lemma deduces
|Tµ|pp =
∞∑
j=0
(λ j(Tµ))
p
=
∞∑
j=0
lim
k→∞
(λ j(Tµk))
p
≤ lim inf
k→∞
∞∑
j=0
(λ j(Tµk))
p ≤ lim sup
k→∞
|Tµk |pp . Mµ.
We finish the proof of (ii)⇒(i).
(i)⇒(ii). Suppose Tµ ∈ Sp(H(Wωα )). Let {a j} be s pseudo-hyperbolic separated
and B = ∪∞
j=1∆(a, t) for some small enough t and 0 < s < t < 1. Suppose there is
no origin in {a j}.
Let {e j} be an orthogonal set in H(Wωα ) and E denote the subspace which is
generated by {e j} and equipped with the norm of H(Wωα ). Consider the linear
operator J˜ : E → H(Wωα ), which is defined by
J˜(e j)(z) =
1
‖BWωαa j ‖A2
Wωα
∫ 1
0
(
B
Wωα
a j (tz) − BW
ω
α
a j (0)
) dt
t
.
For any {c j} ∈ l2 and f ∈ H(Wωα ), by Cauchy-Schwarz’s inequality, we have∣∣∣∣∣∣∣∣
〈
J˜
∑
j
c je j
 , f 〉
H(Wωα )
∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
∑
j
c j
‖BWωαa j ‖A2
Wωα
〈
B
Wωα
a j − BW
ω
α
a j (0),ℜ f
〉
A2
Wωα
∣∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣∣
∑
j
c j
‖BWωαa j ‖A2
Wωα
〈
B
Wωα
a j ,ℜ f
〉
A2
Wωα
∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
∑
j
c jℜ f (a j)
‖BWωαa j ‖A2
Wωα
∣∣∣∣∣∣∣∣
≤ ‖{c j}‖l2

∑
j
|ℜ f (a j)|2
‖BWωαa j ‖2A2
Wωα

1
2
.
By (5) and Wωα ∈ R, we have
‖BWωαa j ‖2A2
Wωα
≈
∫ |a j |
0
1
Ŵωα (t)(1 − t)n+1
dt ≈ 1
(1 − |a j|)n+1Wωα (a j)
.
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Therefore, by Lemma 2.24 in [27] we get∣∣∣∣∣∣∣∣
〈
J˜
∑
j
c je j
 , f 〉
H(Wωα )
∣∣∣∣∣∣∣∣ . ‖{c j}‖l2
∑
j
(1 − |a j|)n+1Wωα (a j)|ℜ f (a j)|2

1
2
≈ ‖{c j}‖l2
∑
j
Wωα (a j)
∫
∆(a j ,
s
2 )
|ℜ f (ξ)|2dV(ξ)

1
2
≈ ‖{c j}‖l2
∑
j
∫
∆(a j ,
s
2 )
|ℜ f (ξ)|2Wωα (ξ)dV(ξ)

1
2
≤ ‖{c j}‖l2‖ f ‖H(Wωα ).
So, J˜ : E → H(Wωα ) is bounded.
Let P be the orthogonal projection operator from H(Wωα ) to E and J = J˜P.
Then J is bounded on H(Wωα ). By [25, p. 27], Sp(H(Wωα )) is a two-sided ideal in
the space of bounded linear operators on H(Wωα ). So, J
∗TµJ ∈ Sp(H(Wωα )) and
|J∗TµJ|p . |Tµ|p. Theorem 1.27 in [25] deduce that∑
j
|〈(TµJ)e j, Je j〉H(Wωα )|p =
∑
j
|〈(J∗TµJ)e j, e j〉H(Wωα )|p < |Tµ|pp.
By (34), we get
∑
j
‖Je j‖2L2(B,dµ) < |Tµ|
p
p. By (5) and Lemma 14, we have
‖Je j‖2pL2(B,dµ) = ‖J˜e j‖
2p
L2(B,dµ)
=
1
‖BWωαa j ‖2pA2
Wωα
∫
B
∣∣∣∣∣∣
∫ 1
0
(
B
Wωα
a j (tz) − BW
ω
α
a j (0)
) dt
t
∣∣∣∣∣∣
2p
dµ(z)
& (1 − |a j|)(n+1)pWωα (a j)p
∫
∆(ai,t)
∣∣∣∣∣∣
∫ 1
0
(
B
Wωα
a j (tz) − BW
ω
α
a j (0)
) dt
t
∣∣∣∣∣∣2p dµ(z)
&
(
µ(∆(a j, t))
(1 − |a j|)n−1Wωα (a j)
)p
.
If E, F ⊂ B, let χ(E, F) = 1 when E ∩ F , Ø and χ(E, F) = 0 otherwise. By
Lemma 12, we have∑
Rk, j∈Υ
(
µ(Rk, j)
(1 − |ck, j|)−α+n−1ω∗(ck, j)
)p
.
∑
Rk, j∈Υ
∑
i
µ(∆(ai, t))χ(Rk, j,∆(ai, t))
(1 − |ai|)n−1Wωα (ai)
p
≈
∑
i
∑
Rk, j∈Υ
(
µ(∆(ai, t))χ(Rk, j,∆(ai, t))
(1 − |ai|)n−1Wωα (ai)
)p
≈
∑
i
∑
Rk, j∈Υ
µ(∆(ai, t))χ(Rk, j,∆(ai, t))
(1 − |ai|)n−1Wωα (ai)

p
.
∑
i
(
µ(∆(ai, t))
(1 − |ai|)n−1Wωα (ai)
)p
.
∑
i
‖J˜e j‖2pL2(B,dµ) . |Tµ|pp.
So, (ii) holds.
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(ii)⇒ (iii). Let {ai}∞i=1 be a r-lattice. By Lemma 12, we get
‖µ̂r,α‖pLp
λ
≤
∞∑
i=1
∫
D(ai,5r)
(
µ(D(z, r))
(1 − |z|)−α+n−1ω∗(z)
)p
dλ(z) .
∞∑
i=1
(
µ(D(ai, 6r))
(1 − |ai|)−α+n−1ω∗(ai)
)p
.
∞∑
i=1
∑
Rk, j∈Υ
(
µ(Rk, j)
(1 − |ck, j|)−α+n−1ω∗(ck, j)
)p
χ(Rk, j,D(ai, 6r))
.
∑
Rk, j∈Υ
(
µ(Rk, j)
(1 − |ck, j|)−α+n−1ω∗(ck, j)
)p
,
as desired.
(iii) ⇒ (ii). Let {ai} be a r6 -lattice. For any z ∈ D(ai, r60), we have D(ai, 5r6 ) ⊂
D(z, r). By Lemma 12, we obtain
‖µ̂r,α‖pLp
λ
≥
∞∑
i=1
∫
D(ai,
r
60 )
(
µ(D(z, r))
(1 − |z|)−α+n−1ω∗(z)
)p
dλ(z) ≥
∞∑
i=1
 µ(D(ai, 5r6 ))
(1 − |ai|)−α+n−1ω∗(ai)
p
≈
∞∑
i=1
∑
Rk, j∈Υ
 µ(D(ai, 5r6 ))
(1 − |ai|)−α+n−1ω∗(ai)
p χ(Rk, j,D(ai, 5r
6
))
≈
∑
Rk, j∈Υ
 ∞∑
i=1
µ(D(ai,
5r
6
))
(1 − |ai|)−α+n−1ω∗(ai)χ(Rk, j,D(ai,
5r
6
))
p
&
∑
Rk, j∈Υ
(
µ(Rk, j)
(1 − |ck, j|)−α+n−1ω∗(ck, j)
)p
.
The proof is complete. 
Lemma 17. Suppose ω ∈ Dˆ, −∞ < α < 1, r ∈ (0, 1), s is a large enough integer,
and {ek}∞k=1 be a orthonormal basis of a Hilbert space H(Wωα ). If {bk}∞k=1 ⊂ B\{0} is
a r-lattice ordered by increasing module, and
Jek =
(
(1 − |bk|2)s
Wωα (bk)(1 − 〈z, bk〉)n−1+s
) 1
2
, k = 1, 2, · · · .
Then J : H(Wωα )→ H(Wωα ) is bounded and onto.
Proof. Firstly, we prove J is surjective. Let
Ψ(t) =
{
Wωα (
1
2
), t ∈ [0, 1
2
],
Wωα (t), t ∈ [12 , 1).
By (18), we have
• Ψ ∈ R; Ψ(bk) ≈ Wωα (bk) for k = 1, 2, · · · ;
• ‖ f ‖2
H(Wωα )
≈ | f (0)|2 +
∫
B
|ℜ f (z)|2Ψ(z)dV(z).
Let the operators Rβ,t and Rβ,t be defined as (1.33) and (1.34) in [27]. Assume the
homogeneous expansion of f is f (z) =
∞∑
k=0
fk(z). Then, by Strling’s formula, for
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any given β > 0, we have
‖ f ‖2H(Wωα ) ≈ | f (0)|2 +
∫
B
|ℜ f (z)|2Ψ(z)dV(z)
= | f (0)|2 +
∞∑
k=1
k2
∫
B
| fk(z)|2Ψ(z)dV(z) ≈ ‖Rβ,1 f ‖2A2
Ψ
.
Here,
‖ f ‖2
A2
Ψ
=
∫
B
| f (z)|2Ψ(z)dV(z).
By Proposition 2.4 in [10] (also see Theorem 3.2 in [23]), Rβ,1 f ∈ A2
Ψ
if and only
if there exists {ck}∞k=1 ∈ l2 such that ‖Rβ,1 f ‖A2Ψ . ‖{ck}‖l2 and
Rβ,1 f (z) =
∞∑
k=1
ck
(
(1 − |bk|2)s
Ψ(bk)(1 − 〈z, bk〉)n+1+s
) 1
2
.
Let β = −n+3
2
+
s
2
. By Proposition 1.14 in [27], we have
f (z) = Rβ,1
 ∞∑
k=1
ck
(
(1 − |bk|2)s
Ψ(bk)(1 − 〈z, bk〉)n+1+s
) 1
2

=
∞∑
k=1
ck
(
(1 − |bk|2)s
Ψ(bk)(1 − 〈z, bk〉)n−1+s
) 1
2
=
∞∑
k=1
ck
√
Wωα (bk)√
Ψ(bk)
(
(1 − |bk|2)s
Wωα (bk)(1 − 〈z, bk〉)n−1+s
) 1
2
.
Let dk =
ck
√
Wωα (bk)√
Ψ(bk)
. Then we have ‖{dk}‖l2 ≈ ‖{ck}‖l2 and f = J(
∑∞
k=1 dkek). So, J is
surjective.
Next, we prove J is bounded on H(Wωα ). Let g(z) =
∞∑
k=1
dkek(z). Then ‖g‖H(Wωα ) =
‖{dk}‖l2 . Let β = −n+32 + s2 . By Proposition 1.14 in [27] and Proposition 2.4 in [10]
(also see Theorem 3.2 in [23]), we have
‖Jg‖H(Wωα ) =
∥∥∥∥∥∥∥
∞∑
k=1
dk
√
Ψ(bk)√
Wωα (bk)
(
(1 − |bk|2)s
Ψ(bk)(1 − 〈z, bk〉)n−1+s
) 1
2
∥∥∥∥∥∥∥
H(Wωα )
≈
∥∥∥∥∥∥∥
∞∑
k=1
dk
√
Ψ(bk)√
Wωα (bk)
Rβ,1
(
(1 − |bk|2)s
Ψ(bk)(1 − 〈z, bk〉)n−1+s
) 1
2
∥∥∥∥∥∥∥
A2
Ψ
=
∥∥∥∥∥∥∥
∞∑
k=1
dk
√
Ψ(bk)√
Wωα (bk)
(
(1 − |bk|2)s
Ψ(bk)(1 − 〈z, bk〉)n+1+s
) 1
2
∥∥∥∥∥∥∥
A2
Ψ
.
∥∥∥∥∥∥∥
dk
√
Ψ(bk)√
Wωα (bk)

∥∥∥∥∥∥∥
l2
≈ ‖{dk}‖l2 = ‖ f ‖H(Wωα ).
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So, J : H(Wωα )→ H(Wωα ) is bounded. The proof is complete. 
Lemma 18. Suppose ϕ is regular and continuous, 0 < p < ∞, s is large enough.
If there exist −1 < a < ∞ and δ ∈ (0, 1) such that
n − 1 + a > 0, and ϕ(t)
(1 − t)a ց 0, when δ ≤ t < 1,
then
I(z) =
∫
B
(1 − |w|2)sp−(n+1)dV(w)
ϕ(w)p|1 − 〈z,w〉|(n−1+s)p .
1
ϕ(z)p(1 − |z|2)p(n−1) , (35)
and for any given ε > 0, there exists 0 < r < 1, such that for all z ∈ B,
I(z, r) =
∫
B\∆(z,r)
(1 − |w|2)sp−(n+1)dV(w)
ϕ(w)p|1 − 〈z,w〉|(n+1+s)p ≤
ε
ϕ(z)p(1 − |z|2)p(n−1) . (36)
Proof. By Lemma 1, there exists a < b < +∞ such that ϕ(t)
(1−t)b ր ∞. Without loss
of generality, let δ = 0.
Let
I(z) =
(∫
|w|≤|z|
+
∫
|z|<|w|<1
)
(1 − |w|2)sp−(n+1)dV(w)
ϕ(w)p|1 − 〈z,w〉|(n−1+s)p = I1(z) + I2(z).
When n − 1 + a > 0, by Theorem 1.12 in [27], we have
I1(z) .
(1 − |z|)pa
ϕ(z)p
∫
|w|≤|z|
(1 − |w|2)sp−(n+1)−padV(w)
|1 − 〈z,w〉|(n−1+s)p .
1
ϕ(z)p(1 − |z|)(n−1)p ,
and
I2(z) ≤ (1 − |z|)
pb
ϕ(z)p
∫
|z|≤|w|<1
(1 − |w|2)sp−(n+1)−pbdV(w)
|1 − 〈z,w〉|(n−1+s)p .
1
ϕ(z)p(1 − |z|)(n−1)p .
Hence, (35) holds.
In order to obtain (36), we prove that, if n < c < β, for any given ε > 0, there
exists r ∈ (0, 1), such that, for all z ∈ B,∫
B\∆(z,r)
(1 − |w|2)c−(n+1)
|1 − 〈z,w〉|β dV(w) .
ε
(1 − |z|2)β−c . (37)
Letting η = ϕz(w) and |η| = t, by Lemmas 1.2 and 1.3 in [27], we have∫
B\∆(z,r)
(1 − |w|2)c−(n+1)
|1 − 〈z,w〉|β dV(w) =
∫
r≤|η|<1
(1 − |ϕz(η)|2)c
|1 − 〈ϕz(0), ϕz(η)〉|β
dV(η)
(1 − |η|2)n+1
=
∫
r≤|η|<1
(1 − |z|2)c−β(1 − |η|2)c−(n+1)
|1 − 〈z, η〉|2c−β dV(η)
≈ 1
(1 − |z|2)β−c
∫ 1
r
(1 − t)c−(n+1)dt
∫
S
dσ(ξ)
|1 − 〈tz, ξ〉|2c−β .
So, when 2c − β ≤ 0, for any given ε > 0, (37) holds for some r ∈ (0, 1).
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When 2c − β > 0, let λ = 2c−β
2
. By the proof of Theorem 1.12 in [27] and
Stirling’s estimate, we get∫
S
dσ(ξ)
|1 − 〈tz, ξ〉|2c−β =
∞∑
k=0
(
Γ(k + λ)
k!Γ(λ)
)2 ∫
S
|〈tz, ξ〉|2kdσ(ξ)
=
∞∑
k=0
(
Γ(k + λ)
k!Γ(λ)
)2
(n − 1)!k!
(n − 1 + k)! |tz|
2k ≈
∞∑
k=0
k2λ−n−1|tz|2k.
Hence,∫ 1
r
(1 − t)c−(n+1)dt
∫
S
dσ(ξ)
|1 − 〈tz, ξ〉|2c−β ≈
∞∑
k=0
k2λ−n−1|z|2k
∫ 1
r
(1 − t)c−(n+1)t2kdt.
As N → ∞,
∞∑
k=N+1
k2λ−n−1|z|2k
∫ 1
r
(1 − t)c−(n+1)t2kdt ≤
∞∑
k=N+1
k2λ−n−1
∫ 1
0
(1 − t)c−(n+1)t2kdt
≈
∞∑
k=N+1
kc−β−1 → 0.
Therefore, for any given ε > 0, there exists N∗ ∈ N, such that∫ 1
r
(1 − t)c−(n+1)dt
∫
S
dσ(ξ)
|1 − 〈tz, ξ〉|2c−β .
N∗∑
k=0
k2λ−n−1
∫ 1
r
(1 − t)c−(n+1)t2kdt + ε.
So, for any given ε > 0, there exists r ∈ (0, 1), such that for all z ∈ B, (37) holds.
Let B|z| = {w ∈ B : |w| < |z|}. By (37), for any given ε > 0, there exists r ∈ (0, 1)
such that
I(z, r) =
(∫
(B\∆(z,r))∩B|z|
+
∫
B\(∆(z,r)∪B|z|)
)
(1 − |w|2)sp−(n+1)dV(w)
ϕ(w)p|1 − 〈z,w〉|(n−1+s)p
.
ε
ϕ(z)p(1 − |z|2)p(n−1) .
The proof is complete. 
Theorem 5. Let 0 < p < 1, −∞ < α < 1, ω ∈ Dˆ and µ be a positive Borel
measure on B. Let
µ̂r,α =
µ(D(z, r))
(1 − |z|)−α+n−1ω∗(z) , dλ(z) =
dV(z)
(1 − |z|2)n+1 .
Assume that there exist −1 < a < ∞ and δ ∈ (0, 1) such that
n − 1 + a > 0, and (1 − t)
−αω∗(t)
(1 − t)a ց 0, when δ ≤ t < 1.
Then the following statements are equivalent.
(i) Tµ ∈ Sp(H(Wωα ));
(ii) Mµ =
∑
Rk, j∈Υ
(
µ(Rk, j)
(1−|ck, j |)−α+n−1ω∗(ck, j)
)p
< ∞;
(iii) µ̂r,α ∈ Lp(B, dλ) for some (equivalently, for all) r > 0.
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Moreover, |Tµ|pp ≈ Mµ ≈ ‖µ̂r,α‖pLp
λ
.
Proof. For convenience, let
Ψ(t) =
{
Wωα (
1
2
), t ∈ [0, 1
2
],
Wωα (t), t ∈ [12 , 1).
(ii)⇒(i). Suppose Mµ < ∞. By Theorem 4, Tµ ∈ S 1(H(Wωα )). So, Tµ :
H(Wωα )→ H(Wωα ) is compact. Then, by (34), we have
〈Tµ f , g〉H(Wωα ) =〈 f , g〉L2µ.
Let {b j}∞j=1 be a r-lattice, s be a large enough positive integer, and {e j}∞j=1 be a fixed
orthonormal basis of H(Wωα ). Define J : H(W
ω
α )→ H(Wωα ) as in Lemma 17. Then
J is bounded and onto. Let J(e j) = h j, j = 1, 2, · · · . By Proposition 1.30 in [25],
we have
|J∗TµJ|pp ≤
∞∑
x=1
∞∑
y=1
|〈J∗TµJex, ey〉H(Wωα )|p =
∞∑
x=1
∞∑
y=1
|〈hx, hy〉L2µ |p
≤
∞∑
x=1
∞∑
y=1
∣∣∣∣∣∣∣
∞∑
k=1
∫
D(bk,5r)
|hx(z)hy(z)dµ(z)
∣∣∣∣∣∣∣
p
≤
∞∑
k=1
(µ(D(bk, 5r))
p
 ∞∑
x=1
|hx(zx,k)|p

 ∞∑
y=1
|hy(zy,k)|p
 .
Here, zx,k ∈ D(bk, 5r) such that |hx(zx,k)| = supz∈D(bk,5r) |hx(z)|. Since s is large
enough, using subharmonicity, by Lemma 18, we have
∞∑
x=1
|hx(zx,k)|p .
∞∑
x=1
1
(1 − |zx,k|)n+1
∫
D(zx,k ,r)
|hx(z)|pdV(z)
.
1
(1 − |bk|)n+1
∫
D(bk,6r)
 ∞∑
x=1
|hx(z)|p
 dV(z),
and
∞∑
x=1
|hx(z)|p =
∞∑
x=1
(1 − |bx|2)
sp
2
Wωα (bx)
p
2 |1 − 〈z, bx〉| (n−1+s)p2
.
∞∑
x=1
(1 − |bx|2)
sp
2 −(n+1)
Wωα (bx)
p
2
∫
D(bx,
r
10 )
1
|1 − 〈η, z〉| (n−1+s)p2
dV(η)
.
∫
B
(1 − |η|2) sp2 −(n+1)
Ψ(η)
p
2 |1 − 〈η, z〉| (n−1+s)p2
dV(η) ≈ 1
Ψ(z)
p
2 (1 − |z|) (n−1)p2
.
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Therefore,
∞∑
x=1
|hx(zx,k)|p . 1
(1 − |bk|)n+1
∫
D(bk,6r)
1
Ψ(z)
p
2 (1 − |z|) (n−1)p2
dV(z)
≈ 1
Wωα (bk)
p
2 (1 − |bk|) (n−1)p2
.
So, we obtain
|J∗TµJ|pp .
∞∑
k=1
(µ(D(bk, 5r)))
p
Wωα (bk)
p(1 − |bk|)(n−1)p ≈
∞∑
k=1
(
µ(D(bk, 5r))
(1 − |bk|)−α+n−1ω∗(bk)
)p
.
By Lemma 12, |J∗TµJ|pp . Mµ. By Proposition 1.30 in [25], Tµ ∈ Sp(H(Wωα )) and
|Tµ|pp . Mµ. So, (i) holds.
(i)⇒(ii). Suppose Tµ ∈ Sp(H(Wωα )). Let {τ j}∞j=1 be a r-lattice, s be a large
enough positive integer, and {e j} be a fixed orthonormal basis of H(Wωα ).
For any given R > 10r, {τ j} can be divided into NR subsequences such that the
Bergman metric between any two points in each subsequence is at least 2R. Let
{b j} be such a subsequence and define
dµ∗(z) =
∞∑
j=1
χD(b j ,5r)(z)dµ(z).
Then we have |Tµ∗ |p ≤ |Tµ|p.
Define J : H(Wωα ) → H(Wωα ) as we did in Lemma 17 and let J(e j) = h j, j =
1, 2, · · · . Then J is bounded. Let ‖ · ‖ = ‖ · ‖H(Wωα→H(Wωα )) for short. So,
|J∗Tµ∗ J|p ≤ ‖J‖2|Tµ∗ |p ≤ ‖J‖2|Tµ|p.
For any f ∈ H(Wωα ), let
D( f ) =
∞∑
k=1
〈Tµ∗hk, hk〉H(Wωα )〈 f , ek〉H(Wωα )ek,
and
E( f ) =
∞∑
j=1
∑
k, j
〈Tµ∗(hk), h j〉H(Wωα )〈 f , ek〉H(Wωα )e j.
Since
〈J∗Tµ∗ Jek, e j〉H(Wωα ) = 〈Tµ∗(hk), h j〉H(Wωα ), j, k = 1, 2, · · · ,
we get J∗Tµ∗J = D + E.
By (34), there exists a constant C1 > 0 independent on R, such that
|D|pp =
∞∑
k=1
|〈Tµ∗hk, hk〉H(Wωα )|p =
∞∑
k=1
(∫
B
|hk(z)|2dµ∗(z)
)p
≥
∞∑
k=1
(∫
D(bk,6r)
|hk(z)|2dµ∗(z)
)p
≥ C1
∞∑
k=1
(
µ∗(D(bk, 6r))
(1 − |bk|)−α+n−1ω∗(bk)
)p
.
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By Proposition 1.29 in [25] and (34), we have
|E|pp ≤
∞∑
j=1
∑
k, j
|〈Tµ∗hk, h j〉H(Wωα )|p =
∞∑
j=1
∑
k, j
(∫
B
|hk(z)||h j(z)|dµ∗(z)
)p
=
∞∑
j=1
∑
k, j
 ∞∑
i=1
∫
D(bi,5r)
|hk(z)||h j(z)|dµ∗(z)
p
≤
∞∑
j=1
∑
k, j
∞∑
i=1
(∫
D(bi,5r)
|hk(z)||h j(z)|dµ∗(z)
)p
≤
∞∑
i=1
(µ∗(D(bi, 5r)))p
 ∞∑
j=1
∑
k, j
|hk(zk,i)|p|h j(z j,i)|p
 . (38)
Here, z j,i ∈ D(bi, 5r) such that |h j(z j,i)| = supz∈D(bi,5r) |h j(z)|. Using subharmonicity,
we have∑
k, j
|hk(zk,i)|p .
∑
k, j
(1 − |bk |2)
sp
2
Wωα (bk)
p
2
∫
D(bk ,r)
∫
D(zk,i,r)
∣∣∣∣∣ 11 − 〈z, u〉
∣∣∣∣∣ (n−1+s)p2 dλ(z)dλ(u)
.
∑
k, j
(1 − |bk |2)
sp
2
Ψ(bk)
p
2
∫
D(bk ,r)
∫
D(bi,6r)
∣∣∣∣∣ 11 − 〈z, u〉
∣∣∣∣∣ (n−1+s)p2 dλ(z)dλ(u)
.
∑
k, j
∫
D(bk,r)
(1 − |u|2) sp2
Ψ(u)
p
2
∫
D(bi,6r)
∣∣∣∣∣ 11 − 〈z, u〉
∣∣∣∣∣ (n−1+s)p2 dλ(z)dλ(u).
So, by Fubini’s theorem, the double sums
∞∑
j=0
∑
k, j
in (38) are dominated by a con-
stant (dependent on R) times
"
∪ j∪k, jD(b j,r)×D(bk,r)
(1 − |u|2) sp2
Ψ(u)
p
2
(1 − |v|2) sp2
Ψ(v)
p
2
·

"
D(bi,6r)×D(bi,6r)
∣∣∣∣∣ 1(1 − 〈z, u〉)(1 − 〈w, v〉)
∣∣∣∣∣ (n−1+s)p2 dλ(z)dλ(w)
 dλ(u)dλ(v)
≤
"
GR
(1 − |u|2) sp2
Ψ(u)
p
2
(1 − |v|2) sp2
Ψ(v)
p
2
·

"
D(bi,6r)×D(bi,6r)
∣∣∣∣∣ 1(1 − 〈z, u〉)(1 − 〈w, v〉)
∣∣∣∣∣ (n−1+s)p2 dλ(z)dλ(w)
 dλ(u)dλ(v)
.
1
(1 − |bi|)2(n+1)
"
D(bi,6r)×D(bi,6r)

"
GR
Y(u, v, z,w)dV(u)dV(v)
 dV(z)dV(w),
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where
Y(u, v, z,w) =
(1 − |u|2) sp2 −(n+1)(1 − |v|2) sp2 −(n+1)
Ψ(u)
p
2Ψ(v)
p
2 |(1 − 〈z, u〉)(1 − 〈w, v〉)| (n−1+s)p2
and
GR = {(u, v) : β(u, v) > 2R − 2r} ⊃ ∪ j ∪k, j D(b j, r) × D(bk, r).
Since z,w ∈ D(bi, 6r), by (2.20) in [27] and Lemma 18, for any given ε > 0,
there exists Rε > 10r such that
Ki,1(z,w) =
∫
B\D(bi,Rε)
∫
B\D(v,2Rε−2r)
Y(u, v, z,w)dV(u)dV(v)
≤
∫
B\D(bi,Rε)
∫
B
Y(u, v, z,w)dV(u)dV(v)
.
1
Ψ(z)
p
2 (1 − |z|2) (n−1)p2
∫
B\D(bi,Rε)
(1 − |v|2) sp2 −(n+1)
|1 − 〈w, v〉| (n−1+s)p2 Ψ(v) p2
dV(v)
≈ 1
Ψ(bi)
p
2 (1 − |bi|2) (n−1)p2
∫
B\D(bi ,Rε)
(1 − |v|2) sp2 −(n+1)
|1 − 〈bi, v〉| (n−1+s)p2 Ψ(v) p2
dV(v)
. ε
(
1
Ψ(bi)(1 − |bi|)n−1
)p
and
Ki,2(z,w) =
∫
D(bi,Rε)
∫
B\D(v,2Rε−2r)
Y(u, v, z,w)dV(u)dV(v)
≤
∫
B
∫
B\D(bi,Rε−2r)
Y(u, v, z,w)dV(u)dV(v)
. ε
(
1
Ψ(bi)(1 − |bi|)n−1
)p
.
Let R = Rε. Since"
GRε
Y(u, v, z,w)dV(u)dV(v) =
∫
B
∫
B\D(v,2Rε−2r)
Y(u, v, z,w)dV(u)dV(v),
the double sums
∞∑
j=0
∑
k, j
in (38) are dominated by a constant (dependent on R) times
1
(1 − |bi|)2(n+1)
"
D(bi,6r)×D(bi,6r)

"
GR
Y(u, v, z,w)dV(u)dV(v)
dV(z)dV(w)
.
1
(1 − |bi|)2(n+1)
"
D(bi,6r)×D(bi,6r)
(Ki,1(z,w) + Ki,2(z,w))dV(z)dV(w)
.
ε
Ψ(bi)p(1 − |bi|)(n−1)p ≈
ε
(1 − |bi|)(−α+n−1)pω∗(bi)p .
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Therefore,
|E|pp . ε
∞∑
i=1
(
µ∗(D(bi, 5r))
(1 − |bi|)−α+n−1ω∗(bi)
)p
.
So, there exist C1,C2, such that
|Tµ∗ |pp ≥ |D|pp − |E|pp & (C1 − C2ε)
∞∑
i=1
(
µ∗(D(bi, 5r))
(1 − |bi|)−α+n−1ω∗(bi)
)p
for any given ε > 0. Let ε = C1
2C2
. Then we can choose Rε and NRε such that
NRε |Tµ|pp ≥
C1
2
∞∑
i=1
(
µ∗(D(τi, 5r))
(1 − |τi|)−α+n−1ω∗(τi)
)p
.
By Lemma 12, Mµ . |Tµ|pp.
(ii)⇔(iii) This can be obtained by the proof of Theorem 4.
The proof is complete. 
If ω ∈ Dˆ, by Lemma 2, (1− t)−1ω∗(t) ∈ R. By Lemma 1, there exist a > −1 and
δ ∈ (0, 1) such that
(1 − t)−1ω∗(t)
(1 − t)a ց 0, when δ ≤ t < 1.
Therefore, by Lemma 13, Theorems 4 and 5, we get two characterizations of Tµ ∈
S p(A
2
ω) for positive Borel Measure µ and ω ∈ Dˆ as follows.
Theorem 6. Let 0 < p < ∞, ω ∈ Dˆ and µ be a positive Borel measure on B. Let
µ̂r =
µ(D(z, r))
(1 − |z|)n−1ω∗(z) , and dλ(z) =
dV(z)
(1 − |z|2)n+1 .
Then the following statements are equivalent.
(i) Tµ ∈ Sp(A2ω);
(ii) ∑
Rk, j∈Υ
(
µ(Rk, j)
(1 − |ck, j|)n−1ω∗(ck, j)
)p
< ∞;
(iii) µ̂r ∈ Lp(B, dλ) for some (equivalently for all) r > 0.
5. SCHATTEN CLASS VOLTERRA OPERATOR
Suppose 0 < p, q < ∞ and ω ∈ Dˆ. For any g ∈ H(B), the Volterra integral
operator on H(B) is defined by
Tg f (z) =
∫ 1
0
f (tz)ℜg(tz)dt
t
, f ∈ H(B), z ∈ B.
The operator Tg was introduced in [5]. See [2, 5, 6, 12], for example, for the study
of this operator. In [2], we characterized the boundedness and compactness of Tg :
A
p
ω → Aqω when ω ∈ Dˆ and 0 < p ≤ q < ∞ by using two kinds of function spaces
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C1(ω∗) and C10(ω∗), respectively. Recall that C10(ω∗) consists of all the functions
g ∈ H(B) such that
lim
|a|→1
∫
S a
|ℜg(z)|2ω∗(z)dV(z)
ω(S a)
= 0.
When p > 0, the Besov space Bp on B is the space consisting of all g ∈ H(B)
such that ∫
B
|ℜg(z)|p(1 − |z|2)p−(n+1)dV(z) < ∞.
As we know, when p ≤ n, Bp = C.
Let B0 and VMOA denote the little Bloch space and vanishing mean oscillation
holomorphic function space, respectively, see [27] for example.
Lemma 19. Suppose p > 0 and ω ∈ Dˆ. For any g ∈ H(B), g ∈ Bp if and only if∑
Rk, j∈Υ
(∫
Rk, j
|ℜg(z)|2 dV(z)
(1 − |z|)n−1
) p
2
< ∞. (39)
Proof. By Theorem 1.1 in [7], g ∈ Bp if and only if Tg ∈ Sp(A2).
Suppose g ∈ Bp. Since Bp ⊂ B0, Tg : A2 → A2 is compact. By Theorem 1.26
in [25], T ∗gTg ∈ S p2 (A2). For any f , h ∈ A2, by Theorem 2 in [2], we have
〈(Tg)∗Tg f , h〉A2 = 〈Tg f , Tgh〉A2
= 4
∫
B
f (z)h(z)|ℜg(z)|2
(
1
2n
log
1
|z| −
1
4n2
(1 − |z|2n)
)
dV(z)
|z|2n .
Let
dµg(z) = 4|ℜg(z)|2
(
1
2n
log
1
|z| −
1
4n2
(1 − |z|2n)
)
dV(z)
|z|2n .
Then, µg(B) < ∞ and
dµg(z) ≈ |ℜg(z)|2(1 − |z|)2dV(z), as |z| → 1.
Let Bw be the reproducing kernel of A
2 and h = Bw. We have (Tg)
∗Tg f = Tµg f .
So, Tµg ∈ S p2 (A2). By Corollary 6, (39) holds.
Suppose (39) holds. For any given ε > 0, there exists Nε ∈ N such that∑
k>Nε
(∫
Rk, j
|ℜg(z)|2 dV(z)
(1 − |z|)n−1
) p
2
< ε. (40)
Since |ℜg|2 is subharmonic, for any fixed 0 < r < 1 and any z ∈ B, we have
(1 − |z|)2|ℜg(z)|2 . (1 − |z|)2
∫
∆(z,r)
|ℜg(η)|2dV(η)
V(∆(z, r))
≈
∫
∆(z,r)
|ℜg(η)|2
(1 − |η|)n−1dV(η).
By 12 and (40), there exist C = C(r, p) and δ ∈ (0, 1) such that
sup
|z|>δ
(1 − |z|)2|ℜg(z)|2 < Cε 2p .
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That is to say, g ∈ B0. Then Tg : A2 → A2 is compact, see [2,6] for example. Using
Theorem 2 in [2], we have µg(B) = ‖Tg(1)‖A2
2
< ∞. From the above proof, we have
T ∗gTg = Tµg. By Corollary 6 and (39), Tµg ∈ S p2 (A2). Therefore, Tg ∈ Sp(A2) and
g ∈ Bp. The proof is complete. 
Theorem 7. Suppose ω ∈ Dˆ. If p > n, Tg ∈ Sp if and only if g ∈ Bp. If 0 < p ≤ n,
Tg ∈ Sp if and only if g is a constant.
Proof. The case of n = 1 is Theorem 6.1 in [15]. So, we can assume n ≥ 2.
Suppose g ∈ Bp and p > n. Since Bp ⊂ VMOA, by [2, Proposition 4] and [2,
Theorem 5], Tg is compact on A
2
ω. Let
dµωg (z) =
4|ℜg(z)|2ωn∗(z)dV(z)
|z|2n .
By Theorem 2 in [2], for all f , g ∈ A2ω, we get
〈(Tg)∗Tg f , h〉A2ω = 〈Tg f , Tgh〉A2ω
= 4
∫
B
f (z)h(z)
|ℜg(z)|2ωn∗(z)dV(z)
|z|2n =
∫
B
f (z)h(z)dµωg (z).
Let Bωw be the reproducing kernel of A
2
ω and h = B
ω
w. We have (Tg)
∗Tg f = Tµωg f .
Using the fact µωg (B) < ∞ and ω
n∗(z)
|z|zn ≈ ω∗(z) as |z| → 1, by Lemma 2 we have
µωg (Rk, j) ≈ ω∗(ck, j)(1 − |ck, j|)n−1
∫
Rk, j
|ℜg(z)|2 dV(z)
(1 − |z|)n−1 .
By Corollary 6 and Lemma 19, Tµωg ∈ S p2 (A2ω). By Theorem 1.26 in [25], Tg ∈
Sp(A2ω). When 0 < p ≤ n and g is a constant, it is obvious that Tg ∈ Sp(A2ω).
Conversely, we assume that Tg ∈ Sp(A2ω). Using Corollary 6 and Lemma 19, we
get that g ∈ Bp. Moreover, when p ≤ n, Bp = C. The proof is complete. 
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